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ABSTRACT 


This dissertation is split into three sections, each containing new results on a partic- 
ular combinatorial problem. In the first section, we consider the set of 3-connected 
quadrangulations on n vertices and the set of 5-connected triangulations on n ver- 
tices. In each case, we find the minimum Wiener index of any graph in the given 
class, and identify graphs that obtain this minimum value. Moreover, we prove that 
these graphs are unique up to isomorphism. 

In the second section, we work with structures emerging from the biological sci- 
ences called tanglegrams. In particular, our work pertains to an invariant of tangle- 
grams called the tangle crossing number, an invariant which is NP-hard to compute. 
Czabarka, Székely, and Wagner found a finite characterization of tanglegrams with 
tangle crossing number equal to 0, which motivated the work here. In particular, our 
aim was to find a similar finite (and minimal) characterization of tanglegrams with 
tangle crossing number at least k, for any fixed k > 2. We set out to prove this using 
an elegant order-theoretic argument, but came to another surprising result instead; 
we proved that the set of tanglegrams with the induced subtanglegram relation is not 
a well partial order. 

In the final section, we work on the problem of finding an upper bound on the 
diameter of graphs with particular properties. It was proven independently by several 


groups that for fixed minimum degree 6 > 2, every connected graph G of order n 
on 
5+1 
that the graphs which achieve the aforementioned bound all contain complete sub- 


satisfies diam(G) < +O(1) as n > oo. Erdés, Pach, Pollack, and Tuza noticed 


graphs whose order increases with n, and conjectured that if we disallowed complete 


subgraphs of a given fixed size, then we could improve the bound. Czabarka, Singgih, 
and Székely recently found a counterexample to part of the conjecture of Erdos et al. 
and formulated a new conjecture. Under a stronger assumption, we verify two cases 


of this new conjecture using a novel unified duality approach. 


vi 


TABLE OF CONTENTS 


PED LG ARTO N 8s nc cg 83250 3 des den ces eg ek OD ee hes Wet eee A ay Bey eat 0 ak tae Et ie, Aa 8 


ACKNOWLEDGMENTS: o. v.0l- & wey y hee S e256 Bh ea RRS RS 


ABSTRACT 2 26a.ta 2 oot 2 evi es tour & Bh dive ee ok ee os bi Bete 


TAST“OR “FIGURES. if pose eh a ge ee ees oe ie a et 


CHAPTER... > IMERODUCTION «2 4.3. 8 0 Buc 2oui-e aoe @ aie be Gece: es 


1.1 Definitions and Notation ...........0.0.0. 0000000004 


CHAPTER 2. MINIMUM WIENER INDEX .............+.+++0-- 
24.’ History and: Backeround 2-256 o esa Be Gee we ee ee 
2.2 Minimum Wiener Index of 3-connected Quadrangulations....... 


2.3 Minimum Wiener Index of 5-connected Triangulations. ........ 


CHAPTER 3. AN INFINITE ANTICHAIN OF PLANAR TANGLEGRAMS 
ool ‘History and Backeroutid: 24.60.62 gay 2 Bk Oe BE Oe 
3.2 The Infinite Antichain ............... 0.000. ees 


3.3 Planarity of the Tanglegrams in the Antichain ............. 


CHAPTER 4 MAXIMUM DIAMETER OF k-COLORABLE GRAPHS ...... 


Aly -Elistory ane ack eround. 245-078: oe btei Soe hte UE Be ed ee eS 


vii 


42: “Chip vGraphs anduDuality 2 2 a8 ee S ae SEN EASON EES SS 63 


A.3 Applications tor Geral Kay. o.0i6 oo yet eh a ee eS eS eS A 68 
AA ‘losis Ge Gare oA os ao aie es Se wt Se Ss hoa Se Sede Se 73 
BIB TIOGR APN +x 9202o tes tex cae 8 AGP as tes eas fe tas eG hs SO OE Ghat ales Ge 86 
APPENDIX A) CODE ¥ 9 -<le Se BORAGE CHASE SKK Do 90 


viii 


LIST OF FIGURES 


Figure 2.1 The triangulation TJ’, which is the join of the cycle C;,_2 with 
the edgeless graph on two vertices, minimizes the Wiener index 
among all triangulations of order n > 5 and are 4-connected for 
=. Oe ce abv Ete Be ti A el Ie Be 9 


Figure 2.2. The graph K2,—2 which minimizes the Wiener index among all 
quadranculations of Order Wo: « 44.24 & ai sae a & Bo A we 2 oe 9 


Figure 2.3 The sunflower graph S$, around v with d(v) = 8. The region 
Tp MISCS ASCE es be Se 2 a Sa BiB aeestt be GMa de at ge Bake Be ig a she Ne Ss 11 


Figure 2.4 2-element cutset appears in S,, when w; = w;. The two faces 
PUMA ond DUA isa are Shaded... oS 4 Goa ads ek ae 12 


Figure 2.5 The quadrangulation Q? of order n = 2k > 8 (left) and n = 
2k +1 > 11 (right), which minimizes the Wiener index among 
all 3-connected quadrangulations of order n. Gray vertices and 
dashed edges indicate the pattern to be repeated. The light 
gray regions are the sunflower graphs around a maximum degree 
VETLOK © lem eed te a) Ome g: Oi beh Ar Os ees, Ane fs Uh ALES Yl @. sR ee a 14 


Figure 2.6 The quadrangulation Y of order 13 with Wiener index 164. 
The gray region shows the sunflower around a maximal degree 
vertex. The white vertices and the dotted edges form one of 
the-nidnefatial 42eyclesn 4a oo ee a Yk aR Ae 20 


Figure 2.7. The mosaic graph M, around v, with d= 8. The grey region is Ry. 26 


Figure 2.8 4-element cutset {v, uit, Ujzi, wi} in M, when w; = w;. The 
shaded regions are unions of faces, so they have no additional 
VORCIGES » 2S Seeded nie be Oe Ge he 8 nl Le a a ee le Ak 27 


Figure 2.9 The triangulation T°, which minimizes the Wiener index among 
all 5-connected triangulations of order n = 2k > 12 (left) and 
of order n = 2k +1 > 15 (right). Gray vertices and dashed 
edges indicate the pattern to be repeated. The shaded region 
shows the mosaic graph around a degree |5|—1 vertex. ..... 28 


1X 


Figure 2.10 


Figure 2.11 


Figure 3.1 


Figure 3.2 


Figure 3.3 


Figure 3.4 
Figure 3.5 
Figure 3.6 


Figure 3.7 


Figure 4.1 


Figure 4.2 


The 5-connected triangulation X. The two white vertices are at 
distance 4. The shaded region shows the mosaic graph around 
Phe. desree S Vertex:..f ou 4 sas eseck ti 8 ooede dD we ete tke &: Sve ge 4 


5-connected triangulations of order n = 21, 23 and n > 25, 
which have the same degree sequence as T°. The gray regions 
show the mosaic graphs around the vertex of degree k — 1. The 
gray vertices and dashed edges on the triangulation of order 25 
indicate the pattern to be repeated to get the construction for 
higher odd order. The two white vertices are at distance 4... . . 


Two layouts of the same tanglegram. The leaf labels help to 
show that the matching was preserved under the isomorphisms 
of the left and right tree from one layout to the other. The 
layout on the right shows that the tanglegram that these layouts 
COLFESPONd TOS IAMS. dw aa Sy ke Goa the es Swap toe hole ee eds 


The two nonplanar tanglegrams that form the characterization 
Tie, CORE IDSs VS a. hea GB a at Te ent A ae do a og 2 toe 


The unique rooted caterpillar Cy. The n = 4 leaves are labeled 
so that every label is equal to the distance from the leaf to the 
root except for the leaf labeled 4. The leaf labelled 4 is distance 
Sy Siro The POOb.. us A, ele 6 A Anan er es &. Bede dees HAS ick a 


The catergram 7,, where 7 = (1,3,4,2). .............. 
A visual representation of the elements of X,,............ 
px= (255,571; F409-6,11,.8) 1910-15. 12 16cT Mel Ays 2 Soe 


A planar drawing of 7,, as described in Lemma 36 (d). ..... . 


An example strongly canonical clump graph with k = 3. The 
clump graph has diameter 12, and each layer is directly (verti- 
cally) above their respective labels. The layers are partitioned 
into segments of Type 1, 2,and3................00.4 


An example strongly canonical clump graph with k = 3. The 
weighting that is assigned to each vertex by the description 
above is shown using the partition of Figure 4.1........... 


60 


78 


Figure 4.3 Layers L;, Lj41, and Lj,2 form a Type 1 segment of a strongly 
canonical clump graph with k = 5. This segment demonsrates 
that the ideas of Theorem 50 cannot readily extend tok >5.... 84 


Figure 4.4 If we consider repeatedly alternating a Type 3 layer with a 
single vertex, and the problematic Type 1 segment, we’ll get a 
strongly canonical clump graph for which the weighting scheme 
used for Theorem 50 is insufficient. ................0. 85 


Figure A.1 Solving the linear program at the end of Section 4.4 to find the 
maximum dual weighting on the problematic Type 1 segment. .. 90 


xi 


CHAPTER 1 


INTRODUCTION 


Extremal stuctures and values are important for many collections of objects that 
are ordered or have a well-defined parameter that belongs to an ordered set. For 
these objects, answers to questions like “What is the best-case scenario?”, “What is 
the worst-case scenario?”, “How large can it be?”, or “How small can it be?” often 
provide invaluable information to both theory and application. In this work, we will 


explore select combinatorial results that are all extremal in nature. 


1.1 DEFINITIONS AND NOTATION 


For the many standard terms and definitions related to graph theory, I refer the 
reader to the classic text by Reinhard Diestel ({14]). I include only a few definitions 
and notational conventions that are absolutely central to the work presented here. 


Throughout this work, all graphs are simple graphs. 


Definition 1. Let G = (V,E) be a graph. The order of G is equal to |V| and is 
denoted by |G|. The size of G is equal to |E| and is denoted by ||G]|. 


Notation 1. Let G = (V,£) be a graph. For any vertex x € V, we write N(x) to 


denote the set of neighbors of x in G. 


Definition 2. Let G = (V, E) be a graph, and let x € V. The degree of x is equal to 
|N(x)| and is denoted by d(x). 


Definition 3. Let G = (V, EF) be a connected graph. For any two vertices x,y € V, 
the distance from x to y is the length of the shortest x —y path in G. This is denoted 


by d(x,y), or dg(a, y) if it is important to specify the underlying graph. 


Definition 4. Let G = (V, E) be a connected graph, and let x € V. The eccentricity 


of x, denoted by ecc(x), is the maximum distance from x to any vertex in the graph. 


Definition 5. Let G = (V, E) be a connected graph. The diameter of G is equal to 


the maximum distance between any two vertices, and is denoted by diam(G). 


Definition 6. Let G; = (Vi, £1) and Gg = (V2, Ey) be two graphs. A function 
bo: V, > V2 is called a graph isomorphism if ¢ is bijective and satisifies the property 
that {u,v} © EF, if and only if {¢(u), d(v)} € Eo. If such a function exists, we say 


that G, and G2 are isomorphic and write G, ~ Go. 


Definition 7. A graph G = (V,E£) is called planar if it can be embedded in the 


plane, i.e., if it is isomorphic to a plane graph. 


Definition 8. Let G = (V,E) be a graph. For a positive integer, c, we say that G 
is c-connected if |G| > c and G — X is connected for every set X C V with |X| <c. 
The connectivity of G is the largest c for which G is c-connected, and is denoted by 


K(G). 
Notation 2. We denote the complete graph on n vertices by Ky. 


Notation 3. We denote the complete bipartite graph with partite classes of size m 


and n by Km,n- 
Notation 4. We denote the path of length n by P,. 


Notation 5. For the most part, C,, denotes the cycle of length n. In Sections 3.2 and 
3.3, the same notation is used to refer to a special kind of tree. The exact meaning 


of C,, should be clear from context. 


Notation 6. For a graph G = (V, EF), we denote by 6(G) and A(G) the minimum 


and maximum degree of G, respectively. 


Chapter 3 includes order-theoretic ideas and results. Some definitions relevant to 


these concepts are included below. 


Definition 9. A partially ordered set (also called a poset or partial order) is a set 
equipped with a binary relation that is reflexive, antisymmetric, and transitive. If 
the set is denoted by X and the relation is denoted by <, then we will denote the 


partial order by (X,<). 


Definition 10. Let (X,<) be a partially ordered set. Then a subset A C X is called 
a chain if any two elements of A are comparable. In other words, for all a,b € A, 


either a < borb<a. 


Definition 11. Let (X,<) be a partially ordered set. We say that (X,<) is well- 


founded if it does not contain any infinite strictly decreasing chains. 


Definition 12. Let (X,<) be a partially ordered set. Then a subset A C X is called 
an antichain if no two distinct elements of A are comparable. In other words, for all 


a,beé A, ifa#~b, thena £ band b La. 


Definition 13. Let (X,<) be a partially ordered set. We say that (X,<) is a well 


partial order if it is well-founded and has no infinite antichains. 


Definition 14. Let (X,<) be a partially ordered set. We say that a subset U C X 
is an upward closed set (also called an upset) if whenever uc U,x € X,andu<z, 


it is also true that x € U. 


Definition 15. Let (X,<) be a partially ordered set and let U C X be an upward 
closed set. If A C U such that for all wu € U, there exists a € A with a < u, then we 


say that A generates U, and we call A a generating set. 


CHAPTER 2 


MINIMUM WIENER INDEX 


2.1 HiIsToRY AND BACKGROUND 


The primary graph invariant of concern in this chapter is the so-called Wiener index: 


Definition 16. Given a connected graph, G, the Wiener index of G is the sum of 
the distances between all unordered pairs of vertices and is denoted by W(G). This 
is more succinctly written in formula as 
W(G)= So de(u,v). (2.1) 
{u,v}CV(G) 

This graph invariant was introduced in 1947 by Harry Wiener (({40]) to predict 
the boiling point of alkanes. It is related to the average distance between vertices of 
a given graph and provides important information for scientists working on graph- 
theoretic models in fields such as chemical graph theory and nanotechnology (see 
for example [15], [16], [19], [24], [34], [35], [37], [39], [41], [42], [43]). It is natural 
to ask the following: What is the maximum or minimum possible Wiener index in 
a given collection of graphs and which graph(s) achieve these bounds? Answers to 
these questions can provide upper or lower bounds to quantities defined in terms 
the Wiener index. For example, one could ask the question: What is the minimum 
possible Wiener index among all (connected) graphs on n vertices and which graph(s) 
achieve this minimum value? 

The next few results are rather trivial, but I include them to convey the spirit of 


the arguments to come. 


Theorem 1. Let n > 1 be fired. Up to isomorphism, the graph K,, is the unique 


minimizer of the Wiener index among all graphs of order n and has Wiener index 


Proof. By minimizing each term of the right-hand side of Eq. 2.1 individually, we 
minimize W(G). The smallest that the distance can be between two distinct vertices 
is 1, which occurs if and only if the two vertices in question are connected by an 
edge. Let G be a graph on n vertices that minimizes the Wiener index. Since W(G) 
is minimized when each term of the right-hand side of Eq. 2.1 is 1, there must be an 


edge between every pair of (distinct) vertices of G. This forces G to be isomorphic 


to K,, which has Wiener index ) = mind) 


We can ask for a similar result about the maximum Wiener index among all 


connected graphs on n vertices: 


Theorem 2. Let n > 1 be fixed. Up to isomorphism, the graph P,_1 is the unique 


maximizer of the Wiener index among all graphs of order n and has Wiener index 


n—n 
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Proof. We prove by induction on n that the path P,_1 is the unique maximizer of 
the Wiener index among graphs of order n. For n € {1,2}, this is clearly true as the 
paths Pp and P, are the only connected graphs on 1 and 2 vertices, respectively. 
Suppose that the statement is true for some n > 2, and let G be a connected graph 
of order n +1. There must be some vertex v € V(G) such that G — v is connected, 
and by induction, W(G — v) < W(P,_1). Next, we note that 
W(G)<W(G-v)+ S°. dg(u,v) 
u€V (Gv) 


7=1 


= W(P,). 


To see that P,, is the unique maximizer, note that equality holds in the equation 
above if and only if G — v is equal to P,-1 and {dg(v,u) : u € V(G) \ {u}} = [nl]. 
This can only occur if G = Py. 


oi es 
Finally, to see that W(P,,_1) = a note that 


The result follows. 


Since the path also happens to be a tree, it follows that the path P,,_; also uniquely 
maximizes the Wiener index among all trees of order n. In the next result, we consider 


which graph obtains the minimum Wiener index among all trees of order n: 


Theorem 3. Let n > 2 be fixed. Up to isomorphism, the star K,n-1 ts the unique 
minimizer of the Wiener index among all trees of order n and has Wiener index 


wv = Web lk 


Proof. Let n > 2 be fixed. The statement is clearly true for n = 2 since there is 
exactly one tree of order 2, namely A,,;. Assume that T is a tree of order n > 3. 
As with every tree of order n, T has precisely n — 1 edges, i.e. T’ has n — 1 pairs of 
vertices which are distance 1 apart. Futhermore, any non-adjacent pair of vertices are 
distance at least 2 apart, and there are exactly (5) —(n—1) of these pairs. Therefore, 
W(T) >1-(n—-1)4+2.- ces —(n- 1)) =n? —2n+1, with equality if and only if 


diam(T’) = 2. Since |T| > 3, we have that diam(7’) > 2 with equality if and only if 


T= Dg yaa 


There are many classes of graphs for which one might be interested in results 
similar to those of Theorems 1, 2, and 3. Important classes of graphs that we will 
be considering in this work are the set of triangulations on n vertices and the set of 


quadrangulations on n vertices. 


Definition 17. A triangulation is a simple graph drawn in the sphere in which every 


face is a triangle. 


Definition 18. A quadrangulation is a simple graph drawn in the sphere in which 


every face is a quadrangle. 


Triangulations and quadrangulations are edge-maximal planar and edge-maximal 
planar bipartite graphs, respectively. We will be repeatedly using the following clas- 


sical facts about trianglulations and quadrangulations: 


Fact 1. Because triangulations and quadrangulations are planar graphs which we are 
considering to be drawn on the sphere, Euler’s formula applies to them: For any 


finite, connected planar graph with n vertices, e edges, and f faces, 
n—-e+f=2. (2.2) 
Fact 2. Let G bea triangulation on n vertices. Euler’s Formula implies the following: 
i. G has 3n — 6 edges. 
ii. G has 2n — 4 faces. 


ii. G is either 3-, 4-, or 5-connected. 


rr 


v. If G is 5-connected, then |V(G)| > 12. 


rr 


Fact 3. Let G be a quadrangulation on n vertices. Euler’s Formula implies the 


following: 


i. G has 2n — 4 edges. 


ii. G has n — 2 faces. 
iii. G is either 2- or 3-connected. 
iv. If G is 3-connected, then |V(G)| > 8. 


There have been numerous results recently on the maximum Wiener index of 
triangulations and quadrangulations (see [7], [8], [20], and [22]). Lower bounds for 
the Wiener index of these classes of graphs were also stated in [7] and [8] without 


consideration for the connectivity: 


Theorem 4 ((8]). Assume n > 6. The triangulation T} defined in Figure 2.1 mini- 
mizes the Wiener index among all triangulations of order n. The triangulation T+ is 
4-connected. Consequently, the triangulation T’ minimizes the Wiener index among 


all 4-connected n-vertex triangulations as well. 


Remark: T? is the only triangulation of order 5, but it is not 4-connected. Gray 
vertices and dashed edges in the figures indicate the pattern to be repeated as n 


increases. 


Proof. A triangulation contains 3n — 6 edges, thus there are exactly 3n — 6 pairs 

of vertices at distance 1 apart. If we can make sure that every remaining pair of 

vertices are at distance 2 apart, then we have a triangulation whose Wiener index is 
2 


2 ((3) — (3n — 6)) + (3n —6) = n? —4n +6, and this is clearly the minimum possible 


Wiener index. This is the case with T*. Furthermore, it is easy to see that T? is 


4-connected for all n > 6. 


Theorem 5 ((7], [8]). Assume n > 4. The complete bipartite graph Ky, -2 minimizes 


the Wiener index among all quadrangulations. 


Proof. A quadrangulation contains 2n — 4 edges, thus exactly 2n — 4 pairs of vertices 


are at distance 1 apart. If we can make sure that every remaining pair of vertices are 


Figure 2.1: The triangulation T?, which is the join of the cycle C,,_2 with the edgeless 
graph on two vertices, minimizes the Wiener index among all triangulations of order 
nm > 5 and are 4-connected for n > 6. 


at distance 2 apart, we have a quadrangulation of Wiener index 2 ((3) — (2n — 4)) + 


(2n — 4) = n* —3n +4. This is the case with the quadrangulation Ko, _2. Clearly 


this is the least possible Wiener index of a quadrangulation. 


Theorem 6. Assume n > 4. Up to isomorphism, the graph Kon -2 is the unique 


minimizer of the Wiener index among all quadrangulations of order n. 


Proof. Let Q be a quadrangulation of order n that has the same Wiener index as 
Kon—2, i.e. every non-adjacent pair of vertices are at distance 2. As quadrangulations 
are 2-connected, the minimum degree 6 := 6(Q) > 2. Let v be a vertex of Q with 
d(v) = 6, and let w,,...,us5 be the neighbors of v. The remaining n — 6 — 1 vertices 
are at distance 2 from v. As quadrangulations are bipartite, these n — 6 — 1 vertices 
can only be adjacent to u,,...,us, and have degree at least 6. Thus we get that 


Q ~ K5n-5. Since 6 is the minimum degree, 6 < n — 0, therefore @ contains K55 as 


a subgraph. Since @ is planar, we get 6 = 2 and Q © Ko p_2. 


Figure 2.2: The graph Ka, ~2 which minimizes the Wiener index among all quadran- 
gulations of order n. 


The results of Theorems 4, 5, and 6 are obtained when the class of graphs in con- 
siderations is the class of all triangulations on n vertices and all quadrangulations 


on n vertices. In the work presented here, we will be resricting ourselves to the class 


of 5-connected triangulations on n vertices and the class of 3-connected quadrangu- 
lations on n vertices. The results that follow were originally presented in [80], but 
were proven there with extensive use of the output of an elaborate program written 
by Olsen. In this work, we have removed all computer aid from the proofs. 

The results presented in the remainder of this chapter are joint work with Eva 


Czabarka, Trevor Olsen, and Laszlé Székely. 


2.2. MINIMUM WIENER INDEX OF 3-CONNECTED QUADRANGULATIONS 


In this section, we prove the following: 


Theorem 7. Assume thatn > 8,n #9. The minimum Wiener index of 3-connected 


quadrangulations of order n is 


5n? : : 
2 a —5n+8, ifn is even, 
4|2] ! (|= | ! 21) (|=| -21) -5n +449 = : 


2: e ° 
on — 3n— 2, ifn is odd. 


The unique minimizer of the Wiener index among 3-connected quadrangulations of 


order n is Q3, defined in Figure 2.5. 


A combination of Lemma 12 (e) and Theorems 14 and 16 prove the above theorem. 
To that end, we first define an auxiliary drawn graph, which we will use extensively 
in this section. Let v be a vertex of a 3-connected quadrangulation G. We define 
the sunflower graph S, around v (in a planar drawing of G), as v connected to its 
neighbors u1,..., Ug (listed in the cyclic order of the drawing, d = d(v)), and different 
vertices W1,...,Wa Where w; is connected to u; and uj;+1 (indices taken modulo d, see 
Figure 2.3). We understand S,, as a part of the drawing of G. 

We need to show that such a graph, with distinct vertices, exists in the drawing. 
We will also need some special properties of the sunflower graph, which will be shown 


in Lemma 8 below. 
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Figure 2.3: The sunflower graph S, around v with d(v) = 8. The region R, is shaded. 


Lemma 8. Assume that Q is a drawing of a 3-connected quadrangulation. Then, 
for any verter v, Q contains a sunflower graph S,, with 2d(v) + 1 distinct ver- 
tices. Furthermore, the region R, that contains v and is bounded by the cycle Cy = 


UW]... Ud(vyWa(v) Contains no vertices or edges that are not in Sy. 


Proof. We know 6(Q) > 3 by the 3-connectedness. Label the neighbors of uv by 
u1,..., Ud, in their planar cyclic order around v. For each pair of successive neighbors 
u; and u;41 (indices taken modulo d), let w; 4 v be their common neighbor that 
completes the face f; that has u;,v,u;4, on its boundary. This means, in particular, 
that the interior of f; has no vertices or edges. If y is a neighbor of u; and y ¢ 
{v,wi-1, wi} then y must lie between w,_; and w; in the planar cyclic order around 
u;, in particular, wi_1 A w; as d(u;) > 3. As Q is bipartite, u; A w; for alll < i,j <d. 
We will show that each of the w,’s must be distinct. As 7, is the union of the faces 
fi, this finishes the proof. Assume that w; = w,; for some 7 ¢ 7. We already know 
that 7 ¢ {i —1,i+1} and the vertices w;, wi+i, uj, Uj41 are all different. We consider 
two regions of the planar drawing of Q: R, is bounded by the 4-cycle uj4,vu,;w; 
and does not contain the vertex u;, and 2 is bounded by the 4-cycle ujvuj+4i1ui 
and does not contain the vertex u;,;. Thus the faces bounded by u;vuj.,w; and 
UjVU;41W; are disjoint from R, and Ry. The neighbors of u; that differ from v and 


w; must lie in 2 and the neighbors of u; that differ from v and w; must lie in R4. 
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Hence {v, w;} separates u; from u; (See Figure 2.4), contradicting the fact that Q is 


_ De 


Figure 2.4: 2-element cutset appears in S,, when w; = w,;. The two faces vu,;wjuj+1 
and vu;w;uj+1 are shaded. 


3-connected. 


Lemma 9. Assume that G is a 3-connected quadrangulation with partite sets A, B. 


Then 
(a) A(G) < min{|A| — 1,|B] — 1}; 
(b) If |B| < |A|, then for alla € A we have d(x) < |B| — 2; and 
(c) |V(G)| 4 9, i.e, no 3-connected quadrangulations exist on 9 vertices. 


Proof. (a) Let v be a vertex with degree A = A(G), we may assume v € B. As the 
sunflower S,, is a subgraph of the planar drawing of G, A < min(|B|—1,|A|). We are 
done unless |B| > |A] = A, so assume that is the case. As A = N(v), all neighbors 
of the vertices of B lie in N(v), in particular, every w; has at least 3 neighbors in 
A. For each i let k; be the largest positive integer such that w; has no neighbors in 
the set {u;,~:1<t< kh; -—1}U {uyi4::1<t< k; —1}. Since for & = 1 the sets 
{ui+:1<t<k—-1} and {ujziqe: 1 <t <k—-—1} are empty, such positive integers 
exist, they have an upper bound from the fact that w; has at least 3 neighbors in 
A, and for the largest such integer k; we have that at least one of uj_,,, Witi4e, IS a 
neighbor of w; that is different from u;, uj+1. Choose io such that k = k,, is minimal 


amongst the k;. By renumbering the u; if necessary and changing the direction of 
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the cyclic order we can assume that i9 = 1 and wy is connected to uy, Ug, Wai, but 
none of w,_;, U24, for alll <t<k-—J1. Let R be the region of the sphere bounded 
by the 4-cycle ugvue.,w, that does not contain u;. Consider wz. By the definition 
of w2 and the minimality of k, we lies in R and it has at least one neighbor u, that 
does not lie in R. The edge w2u; must cross the boundary of R, which contradicts 
the planarity of G. Thus, we have A(G) < min{|A| — 1, |B] — 1}, as claimed. 

To prove the case (b), assume |B] < |A], ie. n > 2|B|. We already know that 
A(G) < |B| —1. Assume that A contains a vertex v of degree |B] — 1. Since 
|A| = n — |B] and all other vertices of A have degree at least 3, we have that 
2n—4> (|B| —1)+3(n—- |B| —1) = 3n — 2|B| — 4, so n < 2|BI, a contradiction. 

To prove the case (c), assume to the contrary that G has 9 vertices and partite 


sets A,B. We may assume |B| < |A|, and therefore |B| < 4. Then every vertex in A 


has degree at most 2, a contradiction. 


Lemma 10. In a 3-connected quadrangulation G of order n, the number of unordered 


pairs of vertices at distance 2 is at most 


1 
This estimate is exact precisely when G has no non-facial 4-cycles. 


Proof. Euler’s Formula gives us that any quadrangulation on n vertices has 2(n — 2) 
edges and n—2 faces. The number of 2-paths in G' is equal to >, () =5>,@(v)- 
2(n — 2). This sum, however, overcounts the number of pairs of vertices distance 2 
apart. In a 3-connected quadrangulation, two faces cannot share two consecutive 
edges from their boundaries. Thus, for each face, we are double counting the two 


pairs of vertices distance 2 apart, and so we may safely subtract 2(n — 2). There are 


pairs of vertices which we have double counted even after the substraction precisely 


when there are non-facial 4-cycles. 
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Figure 2.5: The quadrangulation Q? of order n = 2k > 8 (left) and n = 2k+1> 11 
(right), which minimizes the Wiener index among all 3-connected quadrangulations 
of order n. Gray vertices and dashed edges indicate the pattern to be repeated. The 
light gray regions are the sunflower graphs around a maximum degree vertex. 


Lemma 11. Let Q be a 3-connected quadrangulation of order n, with partite sets 
A,B. Then 
W(Q) > 2n? + 2n — 8 —|A||B] — 5 d?(v). (2.3) 


Equality holds in (2.3) precisely when the diameter of Q is at most 4 and Q has no 


non-facial 4-cycles. 


Proof. Let Q be an arbitrary 3-connected quadrangulation on n vertices, with partite 
sets A,B. Let D; denote the number of unordered pairs of vertices at distance 7 in 
Q. Clearly W(Q) = %i- D;. Observe that D, = 2n — 4, the number of edges; 
Dz < $d, 4(v) — 4(n — 2) by Lemma 10; D2 + Dy + De + Dg: ++ = ) + (a), as 
pairs of vertices are at even distance precisely when they are from the same partite 


set; and finally, Dj + D3 + Ds + D7 +--- = |A|-|B|, as pairs of vertices are at odd 


distance precisely when they are from different partite sets. 


Combining all this information with the identity |A| + |B] = n, we obtain that 


W(Q) 


IV 


(2n — 4) + 2D, + 3]|A|- |B] — Qn — i) +4]() + i = D,| 


2n? — 2n — |A||B| — 2(D2 + 2n — 4) 
> 2n?+2n-—8—-|A|B] — > > a?(v). 


The first inequality in the displayed formula is an equality precisely when the diameter 


of Q is at most 4, and the second inequality is an equality precisely when @ has no 


non-facial 4-cycles. 
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The 3-connected quadrangulation Q? of order n > 8, n # 9 is defined in Figure 


2.5. The following lemma is easy to verify, and we leave the details to the reader. 
Lemma 12. Assume thatn > 8,n #9. 
(a) Q3 is a 3-connected quadrangulation. 
(b) Q? has no non-facial 4-cycle. 
(c) Ifn is even, Q3 has diameter 3 and degree sequence Pg eh es 
(d) Ifn is odd, Q?, has diameter 4 and degree sequence |%|—1,|$|—2,4,4,3,...,3. 
(For n = 11, the terms in this sequence are not in decreasing order.) 
(c) 
5n? Mi Gi 
“T —5n+8, ifn is even, 
cl maga Ye if n is odd. 
The following is obvious, and we make use of it frequently 


Lemma 13. Assume that 0", 7; = a > 0 is given, where the x;’s are required to 
be integers from the interval [b,c] with 0 < b, and we have to maximize *_, x7. As 
long as for some (i #4 j) we have b+1 <2; <a; <c—1, we can increase the sum 


of squares while keeping the conditions by changing x; to x; + 1 and x; to x; — 1. 


Theorem 14. Assume that the number n > 8 is even. The quadrangulation Q? 
defined in Figure 2.5 minimizes the Wiener index among all 3-connected quadrangu- 


lations of order n. Moreover, up to isomorphism, this minimizer is unique. 


Proof. Let Q be an arbitrary 3-connected quadrangulation on n = 2k vertices, with 
partite sets A, B. Since Q is 3-connected, for all v, we have d(v) > 3, and by Lemma 9, 
d(v) < A(Q) < min(|A] — 1,|B] — 1) < }—1. By Lemma 13 and Lemma 12 (c), 


Drev(qy (v) < Leevgs) @(v) with equality precisely when Q has the same degree 
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sequence as Q?. Also, |A|- |B] < me with equality precicely when |A| = |B| = $. 
Lemma 11 gives that W(Q) > W(Q?) with equality precisely when Q has the same 
degree sequence as Q?, |A| = |B] = %, Q has diameter at most 4 and no nonfacial 
4-cycles. In particular, Q? minimizes the Wiener index among n-vertex 3-connected 
quadrangulations. 

We will show that the extremal quadrangulation is in fact unique. Assume that 
W(Q) = W(Q3), so Q has the same degree sequence as Q? and |A| = |B| = k 
vertices. Then in both A and B we have k — 1 vertices of degree 3, and the remaining 
one vertex must have degree k — 1 (k — 1 > 3). 

As before, let v be a vertex of maximum degree k — 1, and construct the sunflower 
graph S,, around v. Since S,, has exactly n—1 vertices, Q has one additional vertex v’. 
This vertex v’ is in the same partite class as the u; vertices, and differs from v. Each of 
the w; has one edge not in S, incident upon it, connecting them to either v’ or one of 
the u,. If all vertices u; have degree 3, then vu’ has degree k — 1 > 3, and it is adjacent 
to all w; (in which case we have Q?). Otherwise the degree of v’ is 3 and exactly one 
of the u; (say uz) has degree k — 1 > 3 in Q. Assume that the latter is the case. As 
Ww, and w2 have an edge not in E(S,) incident upon them, and wy tg, wett2 € E(S,), 
both w; and we are adjacent to v’. Thus, v’w,;u2w2 bounds a facial region R. As 


W 1U2W2, of which wz is an internal vertex, is the common boundary of R, and R, uz 


cannot have any edge outside of S, incident upon it, a contradiction. 


Lemma 15. Assume n = 2k +1, and let Q be a 3-connected quadrangulation of order 
n, with partite sets A, B. If 
S> d’(v) < 2k? + 12k + 10, (2.4) 
veV(Q) 


then W(Q) > W(Q3). If A(Q) < k —2, then W(Q) > W(Q3). 
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Proof. First note that by Lemma 12 (d) 


So P(x) = (k-1)?+ (k-2)? +2-4? + 3°(2k — 3) = 2k? + 12k +10, 
teV(Q}) 


and also | A||B| < k(k+1) (note that k, k+1 are the sizes of the partite classes in Q3), 
so if (2.4) holds, then by Lemma 11 and Lemma 12 (d) we have W(Q) > W(Q,). 
Since @ has odd number of vertices and minimum degree 3, the Handshaking 
Lemma implies A(Q) > 4. Assume now that A(Q) < k— 2, sok > 6. Let 
©1,---,Lop41 be a sequence of integers that maximizes > x? subject to the conditions 
that that >a; = 4(n —2) and3<a;<k-—2. If k =6, the maximizing sequence is 
4,4,4,4,4,3,...,3 of length 13, and if k = 7 the maximizing sequence by Lemma 13 
is 5,5,5,4,3,...3 of length 15. In both of these cases, we have 3) x? < 2k?+12k+10. 
For k > 8, Lemma 13 gives that the maximizing sequence is k — 2, k — 2,6, 3,3,...,3, 


sO 


Se i a= > e = 2(k—2)? +6? +37(2k—2) = 2k? + 10k +26 < 2k?+12k +10. 
2eV(Q) (A 
Therefore W(Q) > W(Q?) unless k = 8 and the degree sequence of Q is 6,6, 6,3, 3,...,3. 

So for the rest of this proof k = 8, the degree sequence of Q is 6,6,6,3,3,...,3 
and is of length 17. By Lemma 11 if W(Q) < W(Q?), then W(Q) = W(Q3,), the 
diameter of Q is 4, Q has no nonfacial 4-cycles, |A] = 9 and |B| = 8. We will show 
that such a Q does not exist, which finishes the proof. 

Because the sum of the degrees of the vertices in each partite class must be the 
same (in this case, 30), B contains exactly two of the degree 6 vertices. Let v € B with 
degree 6, consider the sunflower S,,, and label the 4 vertices outside S, by x, y1, y2, y3 
such that B = {v,wj,...,we, 2} and A= {u1,..., Ue, Y1, Ya, ys}. Since d(x) € {3,6}, 
N(ax) C A and at most one of the u; has an edge not from S, incident upon it, we 
have d(x) = 3 and without loss of generality y1, y2 € N(z2). 

Assume first that N(x) = {y1,Y2,y3} and consider the sunflower S,. Let j; be 


chosen such that w,, is the common neighbor of y; and y;41 (indices taken modulo 
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3) in S,. Then each of the w;, are different and have degree at least 4 in Q, a 
contradiction. 

So we can assume without loss of generality that N(x) = {u1, y1,y2}. Then the 
unique degree 6 vertex in A is u,, so there are two different indices t; and ty such 
that w:, € N(ui) \ {wi, we}. For i € {1,2} let z; be the common neighbor of wu; 
and y; in the sunflower S,, and let z3 be the common neighbor of y; and y2 in Sy. 
Then {21,22} C {wi, We, Wy, Win} and zg € {wi,...,we} \ {21, Z2}. In particular, 
the degree of z3 in Q is at least 4, therefore z; and z2 must have degree 3 in Q. If 
wi, © {21, Za}, then w;,, has degree at least 4 and consequently degree 6. This gives 
{z1, 22} N {wr,, Wi} = @. Therefore without loss of generality w; = 2, we = 22 


and the u,w;, edges cannot run inside ?, or any of the faces bounded the 4-cycles 


uywyy LU, and uzwey2ru,, which leaves them no place to be, a contradiction. 


Theorem 16. Assume that the number n > 11 is odd. The quadrangulation Q3 in 
Figure 2.5 minimizes the Wiener index among all 3-connected quadrangulations of 


order n. Moreover, up to isomorphism, this minimizer is unique. 


Proof. Let n = 2k + 1 and assume that Q is a 3-connected quadrangulation on n 
vertices of minimum Wiener index, and with partite sets A,B, such that |A| > |B. 

First we want to show that |A| = k +1, |B| = k, and the degree sequence of Q 
restricted to the partite sets is the same as the degree sequence of Q? restricted to 
its partite sets. 

We have |A| > k+1 and |B| < k. Lemma 9 (a) gives A(Q) < |B] -1<k-1. 
Lemma 15 gives A(Q) = k — 1, which in turn shows |B| = & and |A| =k+1. In 
addition, if d(v) = k — 1, Lemma 9 (b) gives vu € B. 

As the degree sequence of quadrangulations is unique for n = 11 under the condi- 
tion that every degree is 3 or 4, we may assume now that n > 13, i.e., k > 6. As the 


sum of the k degrees in B is the number of edges 2n — 4 = 4k — 2, and every degree 


18 


is at least 3, only two degree sequences are possible for B: (k — 1,5,3,3,...,3) or 
(k —1,4,4,3,...,3). We claim that A(A), the maximum degree of a vertex in A is 
k — 2. Lemma 9 (b) showed A(A) < |B] —-2 =k -2. 

Assume for contradiction that A(A) < k — 3. Since the minimum degree is at 
least 3 and \,¢,4 d(x) = 4k — 2, for k = 6 we get that 3-7 = 4-6-2, a contradiction. 
Therefore we have that k > 7, 

S> d(x) < (k-3)? + 474+ 3°(k —1) =k? +3k +16, 
zeA 
and 


S- @(z) < kh? 4+3k+164 (k-1)? +5? 43°(k — 2) = 2k? + 10k + 24. 
eV (Q) 


By Lemma 15 W(Q) > W(Q2) when k > 8 so we may assume that k = 7. In 
particular, for k > 8 the degree sequence of A is (k — 2,3,...,3). 

If k = 7, the degree sequence of A is (4, 4,3, 3,3,3,3,3) and the degree sequence 
of B is (6,4, 4,3, 3,3, 3) then Vcyig) d*(x) = 190 < 192 = 2-774 12-7410, and 
Lemma 15 contradicts the minimality of the Wiener index of Q. 

Hence the only case that remains to be checked is when k = 7, the degree sequence 
of A is (4,4, 3,3,3,3,3,3) and the degree sequence of B is (6,5,3,3,3,3,3). In this 
case Drev(q) F(x) = 192 = Drevq?,) d(x), so by Lemma 11 and Lemma 12 (a), (d) 
the minimality of W(Q) implies that Q has no nonfacial 4-cycles. Let v € B, d(v) = 6 
and consider the sunflower S,. Let x,y be the vertices outside S,. Then B = 
{V,W1,...,We} and A= {w,..., ug, x,y}, without loss of generality d(w;) = 5, and 
the rest of the w; have degree 3. Therefore there is an i € {3,4,5,6} such that wy is 
adjacent to u;. Since w, and u,; cuts C, into two paths, one contains w2 and the other 
we, the vertices wg and we lie inside two different regions bounded by the 4-cycle 


w)u;vu;w,. As this cycle is nonfacial, we have a contradiction. 
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Figure 2.6: The quadrangulation Y of order 13 with Wiener index 164. The gray 
region shows the sunflower around a maximal degree vertex. The white vertices and 
the dotted edges form one of the non-facial 4-cycles. 


So we have that the degree sequence of Q restricted to A is the same as the 
degree sequence of Q? restricted to its A, i.e. (k — 2,3,...,3). We need to figure out 
what the degree sequence of Q restricted to B is. Assume k > 6, and B has degree 
sequence (k —1,5,3,3,...,3). Referring to the sunflower graph S, at vertex v, where 
d(v) = k—1, we have B = {v,wi,...,wz-1} and A = {u1,...,ug-1,2,y}. We can 
assume without loss of generality that w, € B has degree 5, and for7:2<i1<k-1 
set z; be the unique vertex in N(w;) \ {u;, uti}. Since w, is adjacent to 3 vertices 
of A \ {u1, uz}, it is adjacent to at least one (and at most three) vertices in {u; : 3 < 
i <k—1}, and consequently these vertices have degree at least 4. As A has a single 
vertex with degree more than 3, we conclude that there is a unique 7:3<j7<k-1 
that w; is adjacent to u,;, d(u;) = k — 2 and d(x) = d(y) = 3, and w is adjacent to 
x and y. In addition, for i: 2 <i <k-—1 we have that z; € {v,y,u;}; in particular 
2-1, 2) € {x,y}. We may assume without loss of generality that z;1 = x. 

Let P be the region bounded by C, that is different from R,, and let R, and 
Rz be the two subregions that the edge w,u,; cuts P into; without loss of generality 
the boundary of 7, is the cycle wiugweu3...uj. Now R1,R2 and R, share only 
vertices on the boundary, and the common boundary of R, and Re» is the edge u;w). 
R, has j — 2 > 1 vertices wo,...w;—1 from B \ {w 1} on its common boundary with 
Ry, and fori: 2 <i < j—-—1 the vertex z; lies in R, (inside or on the boundary). 


Since z;-1 = x, & is inside R,. Let Q be the subregion of R, bounded by the 
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cycle wy UgW2°--U;-1W;-17W,. Then fori: 2 <7 < j — 2 the vertex z, lies in Q, 
so z € {x,y}. Reo has k — j > 1 vertices w;, wj4i,...,We—-1 from B \ {wi} on its 
common boundary with R, and fori: 7 <i <k-—1, % lies in Re (inside or on the 
boundary). Since z; € {x,y} and z is inside Rj, this implies that z; = y, y is inside 
Re, for alli: 7 <i <k—1 we have z; € {u,;,y} and for alli: 2 <i< j—1 we have 
z, = x. Similar logic as before gives that for allz: 7 <7 <k—1 we have z; = y Since 
d(x) = d(y) = 3, this means 3 = j -1=k—j+1,soj=4andk=6. We have 
Q ~Y (see Figure 2.6) and W(Q) = 164 > 160 = W(Q,), a contradiction. 

For the rest of the proof we assume that n > 11, so k > 5. The integer sequence 
that maximizes the sum of squares, and satisfies the conditions we have for the degree 
sequence of G in A (respectively B) is k —2,3,...,3 (respectively k—1,4,4,3,...,3), 
the degree sequence of Q3. Since Q? is a 3-connected quadrangulation with diameter 
at most 4, this shows that W(Q?) is minimal, and the degree sequence of Q is the 
same as the degree sequence of Q?, and furthermore, the degree sequences of their 
respective partite sets are the same. Last, we need to show that Q ~ Q?. 

Let v € Q with d(v) = k — 1, and consider the sunflower S, around v. Let x,y be 
the vertices of Q not in S,. Then B = {v, wi, we,..., Wei}, A = {u1,..-, Ue-1, 2, y}, 
and without loss of generality the two vertices of degree 4 in B are w; and w,. 

If every u; has degree 3 (this must happen in particular when & = 5 and vertices 
of A all have degree 3), then none of the u; has a neighbor outside of S,. In this 
case w; and w; must both be adjacent to x and y. Without loss of generality the 
region R bounded by the cycle rwyugw2...u,;w;x that does not contain v contains 
y. (Otherwise we exchange the name of x and y). If 7 = k—1, then z is on the 
interior of the 4-cycle yw,_1u;w y that does not contain v, and the degree of x can 
only be 2, which is a contradiction. If 7 = 2, then R is bounded by a 4-cycle and y 
can have only degree 2, a contradiction. So 3<7<k—2,thek—1-—j > 1 vertices 


W541, Wj425+++,We—-1 Must have wv as their third neighbor, and the the j—2 > 1 vertices 
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W2, W3,-..,W;-1 must have y as their third neighbor. So {d(x), d(y)} = {k+1—j,j} = 
{3,k — 2}, which gives j € {3,k — 2}. This is precisely the graph Q3. 

Now let 7 be chosen so u; have degree greater than 3. As all but one of the vertices 
of A have degree 3, for 7 #4 7 we have d(u;) = 3, u; has the same neighbors in Q and 
Sy, d(uj) = k — 2, d(x) = d(y) = 3, and k > 6. This means that u; is adjacent to 
precisely &k — 5 > 1 of the vertices in {w,: s ¢ {i-1,i},1 < s < k—1}, so it is 
adjacent to at least one we such that ¢ ¢ {i —1,i}. Ifi << €< k—-1 then ujvugweu; 
is a non-facial 4-cycle (as u;wjtuj41...We-1ue lies in one of the regions bounded by 
this cycle while wue4,We41-..Wj_1U; lies in the other region). If 1 << @<i-1 


then ujvue.,weu,; is a non-facial 4-cycle. Since @ can not have non-facial 4 cycles by 


Lemma 11, this is a contradiction. 


2.3. MINIMUM WIENER INDEX OF 5-CONNECTED TRIANGULATIONS 


In this section, we prove the following: 


Theorem 17. Assume that n > 12, n 4 13. The minimum Wiener index of 5- 


connected triangulations of order n is 


5n? . 

2 —7n+12, ifn is even, 
2n = 4 ({5| zm 14) (|= | A 14) ~™m+208=4 * 
an? 6p — 2 if n is odd. 


4 4? 
The unique minimizer of the Wiener index among 5-connected triangulations of order 
n #19 is T?, defined on Figure 2.9, while for n = 19, exactly two minimizers exist, 


namely Tjy, and the 5-connected triangulation X of order 19, defined on Figure 2.10. 


The techniques used to do so are similar to Section 2.2 and the proof is a combi- 
nation of Lemma 21 (e) and Theorems 23 and 27. 
First we state some facts about triangulations of a simple n-gon not using addi- 


tional vertices. Triangulations of an n-gon can be viewed as planar graphs, where the 
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outer face is bounded by an n cycle and all other faces are bounded by a 3-cycle (we 


will refer to such faces as triangles). 


Lemma 18. Let n> 4. Any triangulation of a simple n-gon uses n — 3 additional 
edges (i.e. edges which are not edges of the n-gon), and has at least 2 triangles with 


exactly two of their boundary edges on the n-gon. 


Proof. The fact that the triangulation has n — 3 edges (and consequently n — 2 
triangles) is easy to prove by induction on n. When n > 4, all these triangles have 
at most 2 boundary edges on the n-gon. As there are n — 2 triangles inside and n 


edges on the n-gon itself, by the pigeonhole principle some two triangles must have 


two edges from edges of the n-gon. 


We need the following basic facts about 5-connected triangulations: 
Lemma 19. Let T be a 5-connected triangulation of order n. The following are true: 


(a) Every 3-cycle is the boundary of a face and every 4-cycle is the boundary of 
a region whose interior does not contain vertices of the graph, and contains 


exactly one edge. 


(b) Every edge lies on exactly two triangles. If abc and bcd are triangles of T, then 


ad is not an edge of T. 


(c) For every edge xy of T, there is precisely one 4-cycle in T that goes through 
its vertices, but does not use the xy edge; hence the number of 4-cycles in T is 


3(n — 2). 


(d) If x,y are non-adjacent vertices in T, then there is at most one 4-cycle that 


contains them. 
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(e) Let D; denote the number of unordered pairs of vertices at distance i inT. We 
have D, = 3(n — 2) and 


eos d?(a) — 12(n — 2). 


2 VT 


wir) >3(3) +o(n—2 —= ee d’(a), 


2 ev(T) 
with equality if and only if T has diameter at most 3. 
Proof. (a): If C is a cycle that separates two regions that both contain vertices in 
their interior, then the vertices of C form a cutset, therefore C’ has at least 5 vertices. 

(b): An edge bounds two faces that are triangles, and if there is a third 3-cycle 
using the edge, the other two edges of two of these 3-cycles give a 4-cycle that has 
vertices in both of its regions. If abc and bcd are triangles such that ad is an edge, 
then one of abd, acd would be a non-facial triangle unless n = 4. Both of these 
contradict (a), and (b) follows. 

(c): Since every 4-cycle abcd bounds a region that has no vertices but has an edge 
(say ac), and if ac is an edge then bd cannot be an edge by (b), for every 4-cycle 
there is a unique edge that is not part of the cycle and connects two of its vertices. 
So we can map 4-cycles to edges by assigning this edge to each cycle. This map is 
injective. If two different 4-cycles would map to the same edge, this edge is part of 
three triangles, contradicting (b). 

As each edge lies on two triangles which together form a 4 cycle, every edge is 
assigned to precisely one of these 4-cycles, so the map is surjective as well. Thus, 
the number of 4-cycles is the same as the number of edges, which is 3(n — 2) in any 
planar triangulation. (c) follows. 

(d): Assume x,y are non-adjacent vertices that appear on two 4-cycles. As each 
4-cycle containing x, y has two x-y paths of length 2, we have at least three x-y paths 


of length 2, say rayy, vagy, xas3y. By (a), for each i,j € {1,2,3}, i A 7 the cycle 
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Ciy = xayya;x bounds a region R,; that contains no vertices in its interior. But the 
three regions Ry2, Ri3R23 together with their boundaries cover the entire plane, so 
T has no other vertices besides x, y, a1, d2, a3. This is a contradiction, as 5-connected 
triangulations must have at least 12 vertices. 

(ec): Observe that D, is exactly the number of edges of 7’, 3(n — 2). The formula 
C oo = }>d’(x) — 3(n — 2) counts the number of paths of length 2 between 
unordered pairs of vertices. If an unordered pair of vertices has more than 1 such 
path, it appears on a 4-cycle, and by (c) and (d) this 4-cycle is unique. As each 4- 
cycle contains exactly two such unordered pairs of vertices, the number of unordered 
pairs of vertices that have a path of length 2 between them is $ > d?(x) — 9(n — 2) by 
(c). As every edge is contained in exactly one 4-cycle, this equals D,; + D2, proving 
(e). 

(f): As >, Dj = (5). we get 

W(T) = SliD; > Di +2D, +3 a =e Ds) = 3(°) DDS 


a 


3(0) +000—2) — = 3 d(x 


2 eV (T) 


and equality holds precisely when the diameter is at most 3. 


Analogously to Section 2.2, we define an auxiliary drawn graph, which we will 
use extensively. Let T’ be a 5-connected triangulation, and let v € V(T’) have degree 
d. We define the mosaic graph M, at vertex v, together with its planar drawing, 
in the following way. M, contains the neighbors of v in G, uy, U2,...,Ua, with the 
edges vu;, such that vertices u; are labeled according the clockwise cyclic order of the 
edges. We include the edges u,;uj,, € E(T) for every 1 <i < d (indices are taken 
modulo d) in M,, following the drawing of T. We also add a vertex w; 4 v, which is 
a common neighbor of u; and u;,1, together with edges joining them to u; and u;+1 
in 7’, following the drawing of 7’, for every 7. We understand M, as a part of the 


drawing of T. We will show that M, has 2d + 1 distinct vertices. 
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Figure 2.7: The mosaic graph M, around v, with d= 8. The grey region is Ry. 


Lemma 20. /f T is a drawing of a 5-connected triangulation of order n, and v is 
any vertex of T with degree d(v) = d, the mosaic graph M, in T has 2d +1 distinct 
vertices. Furthermore, the region R, that is bounded by the cycle uywyugw2...UgW¢ 
and contains the vertex v, contains edges and vertices from T if and only if they are 
edges and vertices in the mosaic graph M,. In addition, T contains at least one vertex 


not in M,, consequently A(T) < |$| —1. Moreover, n 4 13. 


Proof. Since T is 5-connected, 6(T) > 5. As before, label the neighbors of uv by 
U,,...,Uq, in their planar clockwise cyclic order around v. We get for free that 
ujui41 is an edge in 7’, since we have a triangulation. For each pair of successive 
neighbors u; and u;+1 (indices taken modulo d), let w; 4 v be their common neighbor 
that completes the face that has uj;uw;,; on its boundary, but not v. This means, in 
particular, that R, will satisfy the required property, so we just need to show that 
the vertices listed in M, are all distinct. 

If y is a neighbor of u; and y ¢ {v, wi-1, Wi, Wi-1, Uit1} then y must lie between 
w;—-1 and w; in the planar cyclic order around w;, In particular, as d(u;) > 5, we have 
that wj_1 4 Uj. 

Also, u; # w; for all 1 < i,j <d. For j € {i — 1,7} this is obvious, and for other 


values of 7 if u; = w, then v, u,, u; is a 3-element cutset. 
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Assume now that w; = w,; for some j # i. We already have that j ¢ {¢-—1,1+1} 
and hence the vertices u;, Ui41, Uj, Uj41 are all distinct. We consider two regions of the 
planar drawing of T: 7, is bounded by the 4-cycle uj,,vu;w; and does not contain 
the vertex u;, and R»z is bounded by the 4-cycle u,vu;+;w; and does not contain the 
vertex Ui+1- 

The neighbors of u; that differ from v,u;,, and w;, lie in R»z and the neighbors of 
u, that differ from v, u;+1 and w;, must lie in Ry. Hence {v, wi41, uj41, wi} separates 


u; from u; (see Figure 2.8), contradicting that T is 5-connected. 


Figure 2.8: 4-element cutset {v, uisi, Uji, wi} in M, when w; = w;. The shaded 
regions are unions of faces, so they have no additional vertices. 


Now let v be a vertex of T with maximum degree, i.e., d(v) = A(T) = A. The 
mosaic graph M, around v contains 2A + 1 vertices. If J contains a vertex that is 
not in M,, then 2A + 2 <n, and the claimed inequality follows. 

If every vertex of T is in M,, then set of edges F’ not in M, form a triangulation 
of the 2A-cycle ujwyugw2...uawauy, on the region different from R,,; consequently 
|F| = 2A —3. Note that for any 1 <i <j <A, if uu; € F, then the 3-cycle 
ujujv separates the vertices w; and w,;, so uj,u;,v would be a cutset of size 3, a 
contradiction. If for any 7 ¢ {t,i— 1}, u;w; € F, then the 4-cycle ujwju;v has the 
vertices w; and w;_; on its different sides, giving a cutset of size 4, which is also a 


contradiction. Therefore every edge in F’ connects two vertices of W = {wj,..., wa}. 


yas 


But then for every i, the edges w;_,u; and u;w; lie on the boundary of the same 
face, giving w;_1w; € F. Hence wy,...,wa determines a A-gon (all of the sides are in 
F’), and this A-gon is triangulated by the remaining edges of F’. Lemma 18 applies. 
Say, Wj-1, Wj, Wi41 is a triangle with two edges on the boundary of the A-gon. Then 
d(w;) = 4, contradicting the fact that T is 5-connected. 

Finally, assume to the contrary that T has 13 vertices. Then A(T’) < 5, therefore 


T is 5-regular. The sum of degrees of T’ is odd, contradicting the Handshaking 


Lemma. 


Figure 2.9: The triangulation T°, which minimizes the Wiener index among all 5- 
connected triangulations of order n = 2k > 12 (left) and of order n = 2k +1 > 15 
(right). Gray vertices and dashed edges indicate the pattern to be repeated. The 


shaded region shows the mosaic graph around a degree |5| — 1 vertex. 


Figure 2.10: The 5-connected triangulation X. The two white vertices are at distance 
4. The shaded region shows the mosaic graph around the degree 8 vertex. 


For every n > 12, n 4 13, the n-vertex triangulation T° is defined by Figure 2.9 
(these will be our minimizers of the Wiener index). The following lemma is easy to 


verify and we leave the details to the reader. 


Lemma 21. Assume that n > 12, n 4 13. 
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(a) T° is a 5-connected triangulation. 
(b) T° has diameter 3. 


c) For n even, the degree sequence of T°? is 2 —1,%—1,5,...,5. 
gD 2 


(d) For n odd, the degree sequence of T? is |%| — 1, |$] — 2,6,6,5,...,5. (For 


n = 15, the terms in this sequence are not in decreasing order.) 


(e) 
bt —7n+12, ifn is even, 
W(TR) = 
5n2 9 . . 
= 6n— 5, ints odd. 


The 5-connected triangulation X of order 19, defined by Figure 2.10, has 
W(X) = 335 = W(T)). (25) 


We will also show that X is the only 5-connected triangulation that is not isomorphic 
to any T° and achieves the minimum Wiener index for its order. Note that as X is 
of diameter 4, the lower bound in Lemma 19 (f) cannot be used to compute W(X). 
The different diameter, and also the different degree sequence, implies that X % T7. 

We define the extended mosaic graph Mx by adding edges to M,. Given a 5- 
connected triangulation G and a vertex v with mosaic graph M,, we introduce the 


graph M*, on the vertex set of M,, by setting 
E(M3) = E(M,) VU {wwii 2 1 <i < d(v), wwii € E(G)}. 


Note that w;wi41 € E(G) if an only if d(uj4,) = 5. Let R* denote the extension 
of R, by adding to it the faces bounded by the 3-cycles uj;.,w;wj,1 for all edges 
wiwi4i € E(G); let C, denote the boundary cycle of R* and let Q* denote the other 
domain defined by the cycle C,. Now all vertices of G that are not vertices of M, 
and all edges of E(G) \ E(M;*) lie in the region Q* of the drawing of G. 
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We will use the following notation in the rest of the section. Given a 5-connected 
triangulation G and a vertex v, if a,b are vertices of C,, then P,(a,b) denotes the 
path on the cycle C, from a to b that follows the clockwise cyclic order. (So if 
C, = (wi, W2,..., Wa) in clockwise cyclic order, then P,(w1, wz) is just the edge w,we 
with its endpoints, while P,(we,w1) goes through all vertices of the cycle and misses 


only the edge ww.) 


Lemma 22. Let G be a 5-connected triangulation of order n > 12, and let v be a 
verter of G with d(v) = d. Consider the extended mosaic graph M%. The following 


are true: 
(a) Every vertex z € V(C,,) has an edge of E(G) \ E(Mz) incident upon itt. 


(b) If for some z1, 22 € V(C,) we have 2122 € E(G) \ E(Mx), then z1z2 cuts Q* 
into two subregions, each containing a vertex of G in its interior, and z1, 22 € 


{w 1, W2..., wa}. 
(c) Ifn is even and d(v) = } —1, thenG~ TP. 


Proof. Set W = {tii .0..2, wa} and U = {t,t}: 

(a): Observe that W CV(C,) CW UU. Vertices in W have degree at most 4 in 
M;, and vertices of U have degree 5 in M*. If a vertex of U has degree 5 in G, then 
it is not a vertex of C,. (a) follows. 

(b): Let 21, 22 € V(C,) where z,z2 € E(G) \ E(M;*). Assume first that 2,22 cuts 
Q* into two subregions, one of which (say 7) contains no vertices in its interior. We 
will show that R contains a (triangular) face f such that the boundary of f has two 
edges €1,€2 that are on the boundary of R and 2122 ¢ {e1,e2}. This is obviously 
true when the boundary of R is a 3-cycle. Otherwise the edges lying in the interior 
of R are edges of E(G) \ E(.M*) that form a triangulation of R, and by Lemma 18 


this triangulation contains two faces with two boundary edges on the boundary of 
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R. One of these faces, f, does not have the edge zz on its boundary. Let c be the 
common endvertex of the two edges e1,€2 on the boundary of R. Then c ¢ {2, 22} 
and c cannot have an edge from E(G) \ E(M;) incident upon it, contradicting (a). 
So 2122 cuts Q* into two subregions, both of which contains a vertex in its interior. 
Now assume to the contrary that {z1, z2}MU #4 0. We may assume that 2; = wy. 
Then z2 = ue for some 3 < << d—1 or z =w,; for some 3 < j <d—2 (j #2 and 
j #d—1, using Lemma 19 (b) for edges wiug and uyua). If z2 = we, then ujyvuy is a 
separating 3-cycle (as w2 and wg are in different regions of this cycle), and if z2 = w; 
then u;w,u,;v is a separating 4-cycle (as w2 and wy are in different regions); both of 
which contradict the 5-connectedness of G. 

(c): Assume now that n is even and d(v) = } —1. Lemma 20 gives A(G) = d(v). 
G has exactly one vertex, say x, not in M,, and hence in the region Q*. Then the 
already proven parts (a) and (b) imply that E(G) \ E(My) = {z1@: 21 € V(C,)}. As 
W CC,, d(x) = |W| = d(v) = A(G), we get d(x) = § —1 and W = C,, and each 


edge of the form w;w;41 is an edge of M*. (c) follows. 


Theorem 23. Assume that n > 12 and n is even. The triangulation T°, which 
was defined in Figure 2.9, is the unique minimizer of the Wiener index among all 


5-connected triangulations of order n. 


Proof. Let n > 12 be even and assume T’ is a 5-connected triangulation on n = 2k 
vertices (k > 6). The degree sum of T is 2(3n — 6) = 6n — 12, and Lemma 20 
gives A(T) < } —1. By Lemma 13 the integer sequence y,...,Ym that sums to 
6n — 12, satisfies 5 < y; < | — 1 and has the largest sum of squares is the sequence 
5 —1,5—1,5,5,...,5, which is exactly the degree sequence of T° by Lemma 21 (c). 


As T° has diameter 3, by Lemma 19 (f) T° indeed has the minimum Wiener index 


among all 5-connected n-vertex triangulations. We know that the degree sequence of 


T is the same as the degree sequence of T°, so T ~ T° follows from Lemma 22 (c). 
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To characterize extremal triangulations of odd order, we need a bit more infor- 


mation about their structure. 


Lemma 24. There are no 5-connected triangulations on 21 vertices with degree se- 


quence 8,8, 8, 5, ..., 5. 


Proof. Assume that G is a 5-connected triangulation on 21 vertices with degree se- 
quence 8,8,8,5,...5. Let v be a degree 8 vertex, and let x71, %2,73,x%4 be the ver- 
tices: in. V(G) \ VMs). Set Xo = {ees}, US fu 21 Ss aos 8) and 
W = {w; : 1 < i < 8}. Let 6b be the number of connected components of the 
subgraph of G induced by X and D; be the component containig x;, ¢; = |N(ai)NX| 
and y be the number of vertices of degree 8 in X. 

Clearly W C V(C,), and by Lemma 22 (a) and (b) all vertices of V(C,) NU 
have degree 8 (consequently |V(C,) NU| < 2). Assume that z € V(C,) NU; then 
|N(z) N X| = 3. Let {2;,2;,2,} = N(z) NX, then without loss of generality x;7;2;, 
is a path in G whose edges form faces with the edges x;z,x;z,7;,z. Moreover, if e, f 
are the two edges on C, that are incident upon z, then the cyclic order of the edges 
that lie in or on the boundary of Q* around z is e, zx;, 2%;, 2X, f or f, 2Xi, 2L;, ZLp, 
otherwise one of the triangles zx;x; or zxj;x, is a separating triangle, which is a 
contradiction. Finally, x;7, € E(G), as otherwise zx;x, is a separating triangle. 

Assume first that U NV (C,) 4 @; without loss of generality u; Ee UNV(C,), u1 is 
adjacent to 2, 73,24 and £24324 is a path in G, consequently rox, ¢ E(G). We have 
that either b = 2 and D, = {x1}, or b= 1. Without loss of generality we may assume 
that the cyclic order of edges around uy in QO*% is uywy, U1X2, U1X%3, U1%4, UiwWs. As 
U1W}, UL (and also u,x4, ujywg) bound a common face, we have w Xo, wgt4 € E(G). 
Let P* be the region we get if we leave out from Q* the faces with uw; on their 
boundary. 

Consider the case when |UV(C,)| = 2, i.e. for some j # 1 the vertex u; also has 
degree 8. If N(uj)NX = N(u1) NX = {x2, x3, 24} (which must happen when b = 2), 
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we have that the path xyr3x,4 is induced in Dg. But then u;x2u,;x4 is a separating 
4-cycle, which is a contradiction. Therefore we must have 6 = 1, and without loss 
of generality for some t € {2,3}, N(uj) NX = {21, 1, 2141} where x12, € E(G) and 
110141 ¢ E(G). This gives |E(X)| > 3, |E(X,U)| = 6, and (since the vertices of X 
have degree 5) |E(X, W)| = 20 — 6 — 2|/E(X)| < 8. On the other hand, since b = 1, 
Lemma 22 (b) implies that the set of edges in E(G) \ E(M*) that are incident upon 
W form the set E(X,W), and (as w; and wg have degree 3 in Mx) consequently 
|E(X,W)| > 10, a contradiction. Therefore we must have |U NV(C,)| < 2, ice. 
UNV(C,) = {ur}. 

Now we have that UN V(C,) = {ui}. Assume that b = 2, so D; = {a1}. Let 
s and t be the smallest and largest indices such that w,,w, € N(x); 1 < s < 
s+4<t< 8. The path w,x,;u, cuts the region Q* into two regions Q; and 
QO», where Q; has u; on its boundary. Therefore x2, 73,24 lie inside Q), wou, € 
E(G) \ E(M), and by Lemma 22 (b) for eachi: 5s <i<t aw; € E(G). Ifs £1 
then {wWs-1, Ws41, Us, Us¢1, Wt, 01} C N(ws), so ws must have degree 8. If s = 1, then 
{U1, U2, We, £2, Wz, 01} C N(ws), so ws has degree 8. Similar arguments imply that 
w; also has degree 8. But then w1,v, ws, wu; all have degree 8, a contradiction. So 
we must have b = 1, i.e. x, is connected to at least one other vertex in X. If x, is 
connected to both x2 and x4, then (as the edges 1,22 and 224 lie in P*) uyxqx x4 
is a separating 4-cycle, which is a contradiction. We may assume 2,24 ¢ E(G), so 
cy € {1,2}. Then |E(X,W)| = 13+ 3x — 2c,. Since the number of degree 8 vertices 
in W is1—x, |E(X,W)| = 10+3(1—y) = 18-—3y. This gives 2c, = 6x, so 3 divides 
C1, which is a contradiction. Thus we must have UN V(C,) = @. 

Therefore W = V(C,) and every vertex in W has degree 4 in M%, so every 
vertex in W has either one or 4 edges incident upon it from E(G) \ E(M*%). Set 
F = E(W)\E(M?%) and m,z = |E(X)|. We have 2|F|+|E(W, X)| = Svew(d(z)-4) = 
14 — 3y and |E(X, W)| = Olyex d(z)) — 2m, = 20 + 3x — 2m,. 
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If x = 2, then all vertices of W have at most one neighbor in X. Since the two 
vertices in X that have degree 8 have at least 5 neighbors in W, this implies that 
5+5 < |W| = 8, a contradiction. Therefore y € {0,1}; at least one vertex in W has 
degree 8. 

Suppose 6 = 1. Then 3 < m, <5, and |E(X, W)| = 20 —2m,+3x. On the other 
hand by Lemma 22 (b) F = 9, so |E(X,W)| = 14 - 3x. This gives m, = 3+ 3y, 
consequently x = 0, m, = 3, and exactly two vertices (say we, w_) in W have degree 
8. But then at least one of the 4-cycles of the form wrx;w,x;we is separating, which 
is a contradiction. Thus we must have b > 1. 

Since b > 1, we must have either that the components spanned by X area Ky, anda 
K3, or the subgraph generated by X has exactly 4 — b edges (as all of its components 
are trees). In the former case |E(X,W)| = 14+ 3x, in the latter |E(X,W)| = 
12+ 264+ 3x > 16+ 3y > 14-3y > |E(X, W)|, which is a contradiction. Therefore 
the components spanned by X area K, anda K3. We get that 2|F'|+14+3y = 14-3y, 
which gives x = 0, and F' = @. So exactly two vertices (say we, w,) in W have degree 
8, and E(W,V(G)) \ E(M*) = E(X,W). Without loss of generality the K3 in X is 
formed by the vertices r2,73,24. But then X C N(w,), so the subgraph generated 


by {22,23,%4,we} is a Ky. This is a contradiction, as one of the triangles wpr2r3, 


Wel3%4, Wee, is separating, contradicting the 5-connectedness of G. 


Lemma 25. Let n > 15 be odd, and let G be a 5-connected triangulation of order n 


with degree sequence d, > dy >d3 >... > dn. IfW(G) < W(TP), then dy = |¥] -1, 


and one of the following holds: 
(a) n = 23 and the degree sequence of G is 10,8,8,5,...,5. 
(b) dg > |$] — 2, d3 + dy < 12, and consequently dj <7, dy <6 and ds = 5. 


Proof. Set n = 2k +1, then k = [$| > 7. As d; < k —1, the only possible degree 


sequence for k = 7 is (6,6,6,5,...,5), which satisfies the conclusion. Hence we may 
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assume k > 8. As T° has diameter 3, by Lemma 19 (f) and Lemma 21 (d) we must 
have 
So P(t) > SO P(x) = (k-1)? + (k-2)? +2-6? +5?(2k — 3) = 2k? + 44k + 2. 

ze€V(G) reV(T?) 

Assume first that d, < k — 2. 

If k = 8, the only sequence possible is 6, 6, 6,6,6,5,...,5 whose sum of squares is 
480 < 2-8?+44-8+ 2, which is a contradiction. 

If k = 9, then 

So P(x) < 3-7 +67 415-57 = 558 < 560 = 2-97 + 44-942, 
2eV(G) 

a contradiction. 

If k = 10, then By Lemma 24 

So P(x) <2-8° +7467 +17-57 = 638 < 642 = 2-107 + 44-1042, 
xeV(G) 

a contradiction. 

If & > 11, then 

S> d(x) < 2(k — 2)? +8 +. 5°(2k — 2) = 2k? + 42k + 22 < 2h? + 44k + 2, 

xeV(G) 
a contradiction. So we proved that d,; = k — 1. If k = 8, the only sequences possible 
are 7,7,6,5,...,5 and 7,6,6,6,5...,5, which satisfy the conclusion. Hence we may 
assume k > 9. 

Assume next that dz < k—3. If k = 9, the only sequence possible is 8, 6, 6,6,6,5,...,5 


with degree square sum 558 < 2-974 44-9+2. Ifk=10, 


S> P(r) <9? +2-7+67+17-5 = 640 < 2-107 + 44-10 +2. 
xeEV(G) 


If k > 11, then 


S> d(x) < (k-1)? + (k-—3)? +87 +.57(2k — 2) = 2k? + 42k + 24 < 2k? 4+ 44k 4+ 2. 
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with equality only if k = 11 and the degree sequence is 10, 8,8,5,...,5, i.e. G satisfies 
(a). Therefore we may assume that dp > k — 2. 

As we already know that d; = k—1 and dz > k — 2, using that >> d; = 6(2k — 1), 
d3 + dy < 6(2k — 1) — (2k — 3) — 5(2k — 3) = 12, so from dy < d3 we get d, < 6 and 


from d4 > 5 we get ds < 7. If dy = 5 then ds = 5, otherwise we have that d4 = d3 = 6 


and ds < 6(2k — 1) — (2k —3) — 12 —5(2k — 4) =5. 


Lemma 26. Let n > 15 be odd, k = |}, and let G be a 5-connected triangulation 
of order n, with W(G) < W(T?). Let v be a verter with d(v) = A(G) =: A. 
Consider the extended mosaic graph Mx, and the sets W = {w,...,wa} and U = 


{ui1,...,Ua}. Let x1, 2 denote the two vertices not in Mx. The following statements 


are true: 


(a) A = k —1, at most 4 degrees of G are larger than 5, and for the largest 4 
degrees A > dy > dz > dg of G we have either dy > k — 2, d3 < 7, dy < 6 and 


d3 +d, < 12, orn = 23, dg =d3 = 8 =k-—83, dg= 5. 


(b) For i € {1,2}, there are vertices a;,b; € V(C,) such that N(ax;) \ {x3-i} = 
V(P,(a;,5;)). (We refer to these a;,b; vertices in the forthcoming claims.) Fur- 


thermore, if c © V(P,(a1, b1)) NV (Py (aa, b2)), then c = ay = bg or C= an = Oy. 


(c) Cy = wiwe...wa, d(aj) < A—1, and if 11x72 ¢€ E(G) then d(x;) < A -—2 and 


(d) Ifryxy € E(G), thenG~T?. 


(e) If myx € E(G) then ayby,dgb2 € E(G) \ E(M%). Moreover, for i € {1,2}, of 
c, € V(P, (bi, a3_i)) and z € V(G)\{ax1, x2}, such that jz € E(G)\E(M;%), then 
z € V(P,(b3_i,a;)), and the neighbors of c; in P,(b3_;,a;) form a consecutive 


sequence of vertices on this path. 
(f) If air € E(G), then ay = by or ag = by. 


36 


(g) If xyr2 € E(G), then ay = by and ag = by. 
(h) If ry2_ ¢ E(G), then G ~ X and W(G) = W(T})). 


Proof. Note that n > 15, sok > 7. Let G, v, 71, x2 be as in the conditions. Lemma, 25 
yields (a). 

(b): Assume i € {1,2}. As d(x;) > 5, 2; has at least 4 neighbors on C,,, so 
there are vertices a;,b; € N(xi;) V(C,) such that all vertices in N(a;) \ {x3_;} lie 
on the path P,(a;,b;) and x3_; does not lie in the interior of the subregion of Q* 
bounded by the cycle 7; P,(a;,b;). By Lemma 22 (b), no two vertices in P,(a;, 6;) can 
be joined by an edge that is not in M*. As every vertex of C,, has at least one edge 
incident upon it from E(G) \ E(M*), we must have V(P,(a;, b;)) C N(2;), therefore 
V (P,(ai, b:)) = N(a;) \ {v3-i}. As all edges incident upon 21 or £2 lie in the region 
Q* and do not cross, the two paths share at most their endvertices. 

(c): Assume to the contrary that c € UNV (P,(ai, b;)). As d(a;) > 5, P,(a;, b;) has 
at least 4 vertices. Therefore, there exists an internal vertex c* of the path P,(a;, };), 
such that the edge cc* is an edge of this path. This means c* € W (see Lemma 22 (b)), 
c* has at most 3 edges incident upon it in E(MW>%), and the only edge in E(G) \ E(M%) 
incident upon c* is c*x;, contradicting d(c*) > 5. Thus, V(P,(a;,b;)) C W. By 
Lemma 22 (a) the internal vertices of the paths P(b;,a3_;) each have at least one 
edge of E(G) \ E(.M%) incident upon them. Thus, by the definition of a;,b; and M%, 
the internal vertices of the paths P(b;,a3_;) have to be adjacent to at least one other 
internal vertex of the paths P(b;,a3_;). Lemma 22 (b) implies that V(P(b;, a3_i)) C 
W. So V(C,) = W. By part (b), we have |V(P,(a3_i, b3_:)) \ V(Po(ai, b:))| > 2. 
Hence A = |W| > |V(P,(ai, 5:))| + |V(P. (3-4, b3_4)) \ V(Po(ai, b:))|. As N(x) = 
V(P,(a;,b;)) or V(P,(a;, b;)) U {a3_;}, depending on whether 2,22 is non-edge or 
edge, the claimed upper bounds on d(z;) follow. Assume 71x72 ¢ E(G). As we have 


5 < d(x;) < A— 2, we have A > 7, son > 17. If n = 17, then we must have 
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d(x) = d(a2) = 5. As 8 = d(x,) + d(x2) — 2 < |W| = 7, this is a contradiction. (c) 
follows. 

(d): Let riz. € E(G). Assume that b) # a;. Then either P,(b2,a1) has an 
internal vertex c or boa, € E(G). In the first case, as c € C,, there is at least one 
edge in E(G) \ E(M*) incident upon c by Lemma 22 (a). All edges of E(G) \ E(M%) 
incident upon c must lie in the subregion of Q* bounded by the cycle P,(be, a1) 71%. 
By Lemma 22 (b) these edges must be of the form cx, or cx2. But none of these 
are edges of G, which is a contradiction. In the second case boa, € E(G), and the 
subregion of Q* bounded by the 4-cycle b2a;x,x2 has no vertices in its interior, so 
we must have either 1b € E(G) or r2a, € E(G), a contradiction. So a; = bg, and 
a2 = b;, and V(C,) = W by (c). All w € W are incident to 4 edges of M?%, but 
a1, a2 € W are incident to 2 more edges, and vertices of W \ {a1, a2} are incident to 
one more, so d(a,) = d(a2) = 6, and (a) gives dp > k — 2. Since aj,a2 and v are 
vertices with degree greater than 5, and G has at most 4 vertices with degree greater 
than 5, we get min(d(x,),d(x2)) = 5, which gives that G ~ T? as claimed. 

For the remaining cases assume that x; and x2 are not adjacent, son > 19 and 
A > 8. This also implies that N(x;) = V(P(a;,);)), so the paths P(a;,b;) have at 
least 5 vertices. 

(e): In this case the edges x;a;,x7;b; lie on the boundary of the same face, so 
a;b; € E(G), and a,;bjx; is a boundary of a face. Moreover, as |V(P(a;,b;)| > 5, 
a;b; € E(M*). The rest of the statement is trivial if aj = bp and az = b;, so assume 
that is not the case. Consider the connected subregion R of Q* bounded by the cycle 
P(b1, @2)P(b2, a1) (that has length at least 3 by the assumption); it has no vertices 
in its interior. Any edges between vertices of the cycle P(b,,a2)P(b2, a) are edges 
of this cycle or lie inside R. This finishes the proof unless a, 4 bz and ag # bj, so 
consider that to be the case. Let c¢; € V(P,(bi, a3_i)) and z € V(G) \ {x1, 72} such 


that c;z € E(G) \ E(M*). As c lies on the boundary of the connected subregion FR, 
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Lemma 22 (b) gives that z € V(P(b3_;, @;)), as claimed. Also, if 21, z2 € V(P(b3_;, a;)) 
are different neighbors of c; where 2,22 is not an edge of the path P,(b3_;,a;), then 
by Lemma 22 (b) any internal vertex z3 of the z1 — z2 subpath of P(b3_;,a;) can only 
have the edge z3c; incident upon it from E(G) \ E(M*). Since by Lemma 22 (a) 23 
must have an edge from E(G) \ E(M*) incident upon it, (e) follows. 

(f): Assume to the contrary that a, 4 by and az # by. By (e) we have a,b, agb2 € 
E(G) \ E(Mz). Let R be the connected subregion of Q* bounded by the cycle 
P,(b2, a1) P,(b1, a2). G has at most 4 vertices with degree greater than 5. As d(v) = 
A > 6, V(G) \ {v} has at most 3 vertices with degree greater than 5. In particular, 
C,, contains at most 3 vertices with degree greater than 5. As by (c) V(C,) = W, 
each of a1, d2, 61, bo has at least 4 edges incident upon them in E(M*), and two edges 
incident upon them from F(G) \ E(M>%) (the edges a;b;, a;x;, b;7;). This gives that 


a1, 61, dz, bo have degree at least 6, a contradiction. (f) follows. 


“AAaAaaaaaas 
CZ 2 


Figure 2.11: 5-connected triangulations of order n = 21, 23 and n > 25, which have 
the same degree sequence as T°. The gray regions show the mosaic graphs around 
the vertex of degree k — 1. The gray vertices and dashed edges on the triangulation 
of order 25 indicate the pattern to be repeated to get the construction for higher odd 
order. The two white vertices are at distance 4. 
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(g): Assume to the contrary that a; 4 by or aa # by. By (f), without loss of 
generality we have a; = bj and ag ¥ by. By definition a,21,a;%2 € E(G) and by (e) 
all vertices of P,(b,,a2) are neighbors of a;. All other neighbors of a; are one of 
the 4 neighbors of a, in M*. Consequently d(a,) = 6 + |V(P,(b1,a2))| > 8, so 
d(a,) = dj € {k-—1,k —2,k — 3}, and if d(a,) = k — 3, then G contains no degree 
6 vertices. As V(C,) = W, we must have d(az) = d(b,) = 6, as az, b; each have 4 


neighbors in M*, and both are joined to a; = bo, and to a single x;, and not joined 


to anything else. By (a) d(a,) > k — 2, and, as v,a1,a@2,b; are the 4 vertices of 
degree greater than 5, all other vertices (including 7; and x2) have degree 5. So every 
w € W \{ai, a2, bi} has 4 neighbors in M*, and is joined by an edge in E(G) \ E(M%) 
to exactly one of the vertices x1,@1,%2, and the paths P(a;,b;) have 5 vertices each. 
As the sum of degrees is 6n — 12 = k—1+d(a,)+12+5(n—4), we get d(a,) = k—-2. 
As d(a,) > 8, this gives n > 21. Figure 2.11 has the graph G for all n > 21. Since G 
has the same degree sequence as T? and W(G) < W(T?), by Lemma 19 (f) we must 
have W(G) = W(T?) and the diameter of G is at most 3. However, G has diameter 
at least 4, as demonstratred on Figure 2.11, a contradiction. (g) follows. 

(h): By (g), a1 = by and ay = by. By (e) ayaz € E(G). By (c) V(C,) = W, and 
any edge from F:(G) \ E(M*) incident upon a vertex w € W \ {a1, a2} connects w to 
exactly one of 21,7. Each a; has 4 incident edges in E(M*), and in addition, it is 
joined to exactly 3 more vertices: 21, 22,a3_;. So d(a,) = d(ag) = 7 = dy = ds. By 
(a), d3 +d4 < 12, consequently all vertices of V(G) \ {v, a1, a2} (including x; and x2) 
have degree 5. As 6n —-12 =k—1+414+5(n — 3), n = 19. We have that G ~ X 


and W(G) = W(T;,) (see Figure 2.10). 


The following theorem now follows: 
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Theorem 27. Let n > 15 be odd. Ifn £ 19, then the unique minimizer of the Wiener 
index among 5-connected triangulations of order n is T°. If n = 19, then there are 


precisely two minimizers, Ty and X. 


Al 


CHAPTER 3 


AN INFINITE ANTICHAIN OF PLANAR 'TANGLEGRAMS 


3.1 HIsTORY AND BACKGROUND 


A tanglegram is an important data structure that represents coevolution and cospe- 
ciation in the biological sciences ([31]). In particular, bioinformaticians believe that a 
parameter called the tangle crossing number correlates with a number of parameters 


of import in various evolutionary models. Let me formally define these terms. 


Definition 19. A rooted tree T is a tree with a distinguished vertex called the root. 
Given a vertex v in a rooted tree, and a neighbor y of v, we say that y is the parent 
of v if y is on the path from v to the root. Otherwise we say that y is a child of v. 


The rooted tree T’ is binary if every vertex has zero or two children. 


Definition 20. A tanglegram of size n is an ordered triplet T = (7), 72, M), where 
T, and T> are rooted binary trees with n leaves each, and M is a perfect matching 
between the two leaf sets. We will call 7; the left tree and T> the right tree of the 
tanglegram. Two tanglegrams are considered the same if there is a graph isomorphism 


between them that fixes the roots of the left tree and the right tree. 


In graph theory, we visualize and often identify a graph with a drawing or em- 
bedding of the graph in the plane. We will do the same for tanglegrams, but the 
embedding must follow some rules not normally present in the more general context 


of graphs. We call such an embedding a layout. 
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Definition 21. A plane binary tree is a rooted binary tree, in which the children of 
internal vertices are specified as left and right children. A plane binary tree is easy 
to draw on one side of a line, without edge crossings, such that only the leaves of the 
tree are on the line. We will say that the plane binary tree P is a plane tree of the 


rooted binary tree T’, if P is isomorphic to T’ as a graph. 


Definition 22. A layout (L,R,M) of the tanglegram JT = (71, 7>, M) is given by a 
left plane binary tree L isomorphic to 7, drawn in the halfplane x < 0, having its 
leaves on the line x = 0, a right plane binary tree R isomorphic to 7) drawn in the 
halfplane x > 1, having its leaves on the line x = 1, and the perfect matching MW 


between their leaves drawn in straight line segments. (See Figure 3.1.) 


d d er 
Cb 1p 
bc bo 
a a a. 


Figure 3.1: Two layouts of the same tanglegram. The leaf labels help to show that 
the matching was preserved under the isomorphisms of the left and right tree from 
one layout to the other. The layout on the right shows that the tanglegram that these 
layouts correspond to is planar. 


on QMO 
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Definition 23. The tangle crossing number of a tanglegram is the minimum crossing 
number (i.e., the minimum number of unordered crossing edge-pairs) among all of its 


layouts. The tanglegram is planar if it has a layout without any crossings. 


In the biological sciences, one might consider the situation where the left tree 
is the phylogenetic tree of a collection of hosts, the right tree is the phylogenetic 
tree of their parasites, and the matching connects each host with its corresponding 
parasite, e.g. gophers and lice ([23]). In this case, the tangle crossing number has 


been related to the number of times that parasites switched hosts throughout the 
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evolutionary process ([23]). Another interesting example was considered in [5] (pp. 
204-206), where the left and right trees were considered to be gene trees rather than 
phylogenetic trees. In this case, the tangle crossing number correlates to the number 
of horizontal gene transfers. Tanglegrams have been well studied in the disciplines of 
phylogenetics and computer science (see e.g., [2], [3], [4], [12], [18], [25], [28], [33]). 

Let T = (71,72, M) be a tanglegram of size n, and suppose that the vertices of 
T, and T> are labeled. Let’s count the number of plane trees of 7; with respect to 
this labeling. There are n — 1 internal vertices of 7;, and for each internal vertex, 
there are 2 choices for which child is its left child (forcing the remaining child to 
be its right child). Therefore, there are 2"~! different plane trees of T, with respect 
to the specified labeling. The same result is true for 75. For each layout of 7, we 
must choose a plane tree of T; and T> independently, so there are 2”~1-2”~1 = 2?n-2 
different layouts of 7. As the tangle crossing number is the minimum crossing number 
among all layouts of a given tanglegram, it is easy to imagine that this quantity is 
difficult to compute. In fact, computing the tangle crossing number was shown to be 
NP-hard ([18]), even when both trees are complete binary trees ({4]). This problem 
was, however, shown to be fixed-parameter tractable ({4]) , i-e., if we fix k > 1, there is 
a polynomial-time algorithm (polynomial in the size of the tanglegram) to determine 
if the tangle crossing number of a given tanglegram is at least k. 

Czabarka, Székely, and Wagner ([13]) discovered a Kuratowski-like theorem that 
characterizes planar tanglegrams by two excluded induced subtanglegrams. To state 


this more precisely, we need a few more definitions. 


Definition 24. Given a rooted binary tree T with root r and a non-empty subset B 
of its leaves, the rooted binary subtree induced by B, T|B], is obtained as follows: Take 
the smallest subtree TJ’ of T containing all vertices of B, and designate the vertex 


p € V(TZ") closest to r in T as the root of T’. This rooted tree is not necessarily 
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binary, so we further suppress all vertices of degree 2 (except p) in T’ to make it 


binary. The resulting rooted binary tree is T|B]. 


Definition 25. Given a tanglegram JT = (7), 7>,//) and a nonempty subset M’ of 
M, the subtanglegram induced by M' is T|M'| = (T\|B,], T2| Bo], M’), where B; is the 
set of leaves in T; matched by M’. We say that 7* is an induced subtanglegram of T 


if there exists some M* C M such that 7* = 7|M*]. In this case, we write T* x T. 


Theorem 28 (Czabarka, Székely, and Wagner [13]). A tanglegram is planar unless 


is contains T, or Tz as an induced subtanglegram (see Figure 8.2). 


Ti Th 


Figure 3.2: The two nonplanar tanglegrams that form the characterization in Theo- 
rem 28 


Theorem 28 provides a natural polynomial-time algorithm to determine if a tan- 
glegram is planar or, equivalently, if a tanglegram has tangle crossing number at least 


1. This result led to the following questions: 


(i) For k > 2, is there a similar finite characterization for tanglegrams with tangle 


crossing number at least k? 


(ii) For k > 3, is there a similar finite characterization for tanglegrams that have 


at least k pairwise crossing edges in every layout? 


Note that ~< is a partial order on the set of tanglegrams, and that ~< is well- 
founded, i.e., it has no infinite strictly decreasing chains. This is easy to see as a 


proper subtanglegram of T = (7),7>,/) must have a matching M’ which satisfies 
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the inequality 1 < |M’| < |M|. In other words, if 7’ is a proper subtangle of 7, then 


T’ is strictly smaller in size than 7. Furthermore, the tanglegram which consists of 


left and right trees with only one vertex each and an edge between them is the unique 


minimum element of the set of all tanglegrams with respect to x. 


Lemma 29. Consider the general contert where (X,<1) is a well-founded partial 


order. Furthermore, let ) AU C X be an upward closed set and M CU be the set of 


all minimal elements of U with respect to <1. Then: 


(a) U is generated by M. 


(b) If N generates U, then MCN. 


(c) M forms an antichain. 


(d) The poset (X,<1) has no infinite antichain if and only if every upset is finitely 


generated. 


Proof. (a) Let u € U be arbitrary. We must show that there exists some m € M 


such that m <u. If u is minimal, then u € M, and we’re done. Otherwise, 
there exists u; € U such that uy J u and u, ¥ u. If wu, is minimal, then 
u,; € M, and we are done. Otherwise, there exists ug € U such that ug J uj, 
and ug # uy. Continue this process inductively. Since u, uj, U2, u3,... forms a 
strictly decreasing chain and (X, <1) is well-founded, this process must end after 


finitely many steps, i.e. there exists some k > 1 such that u, € M and uz <u. 


Suppose that N generates U and that x € M is arbitrary. As x € U and N 
generates U, there exists some y € N such that y J x. But x is minimal, so it 


must be the case that y = x, i.e. that x € N. 


Suppose that 2,y € M with x # y. Then since both x and y are minimal, 
xAyandy £uz, ie. x and y are incomparable. Since x and y were arbitrary, 


M forms an antichain. 
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(d) First suppose that (X,<J) has no infinite antichain. Then the result that every 


upset is finitely generated follows from (a), (b), and (c). 


Suppose conversely that (X,<!) has an infinite antichain, A, and let B be the 
upset generated by A. We will see that A is precisely equal to the set of minimal 
elements of B. By definition, if b € B, then there exists some a € A such that 
a <b. Furthermore, suppose there exists some b € B such that b < a, for some 
a, € A. Since b € B and A genereates B, there exists some ag € A such that 
ag <b. But then, by transitivity, ag < a,. Since A is an antichain, we must 
have 6 = a, = ag. Therefore, A is the set of minimal elements of B, as claimed. 


By part (b), A is a minimal generating set of B, so B is not finitely generated. 


The sets in consideration in questions (i) and (ii) both form upward closed sets 
with respect to x for each fixed value of k. As per the folklore result presented 
above as Lemma 29, showing that there are no infinite antichains in the partial 
order of tanglegrams with the induced subtanglegram relation would result in an 
affirmative answer to both questions for all values of &, and would result in a number 
of algorithmic consequences. Unfortunately, in Section 3.2 we will explicitly construct 
such an infinite antichain. The existence of this antichain is somewhat surprising 
because Kruskal’s Tree Theorem ((26]) states that the partial order of rooted binary 
trees with respect to the induced subtree relation is a well partial order. Note that 
the existence of the infinite antichain shown in Section 3.2 does not imply a negative 
answer to questions (i) and (ii); it just cuts off the elegant proof technique outlined 
above. 

The results presented in the remainder of this chapter are joint work with Eva 


Czabarka and Laszlé Székely. 
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3.2. THE INFINITE ANTICHAIN 


Here we construct the infinite antichain mentioned in Section 3.1. We actually con- 
sider a subposet of the partial order of tanglegrams with the induced subtanglegram 
relation. In particular, we restrict ourselves to the set of tanglegrams in which the 


left and right trees are both rooted caterpillars of size n. 


Definition 26. For n > 2, the rooted caterpillar C,, with n leaves is the rooted binary 
tree, whose n — 1 internal vertices form a path, and the root is an endvertex of this 


path. Figure 3.3 shows Cy as an example. 


Figure 3.3: The unique rooted caterpillar Cy. The n = 4 leaves are labeled so that 
every label is equal to the distance from the leaf to the root except for the leaf labeled 
4. The leaf labelled 4 is distance 3 = n — 1 from the root. 


Definition 27. A catergram of size n is a tanglegram (7, 7>, MW) such that T, and 


T> are both isomorphic to Cy. 


An important fact about rooted caterpillars is that any induced subtree of one 
is again a rooted caterpillar. This means in particular that the set of catergrams is 
closed under taking induced subtanglegrams, so the set of catergrams under ~ is a 
subposet of the set of all tanglegrams under ~. It will be helpful to label the leaves of 
the left and right rooted caterpillar of a catergram in a particular way. Note that, as 


is customary, |n] denotes the set {1,2,3,...,n} and S,, denotes the symmetric group 
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acting on [n]. For 7 € S,, we use the notation 7 = (a1,...,@n), if 7(¢) = a; for all 


t € [nl]. 


Definition 28. For n > 2, the distance labeling of the leaves of C,, is the following: 
for each 21, 1 <7 <n —2, the leaf labeled 7 is the one at distance 72 from the root, and 
the two leaves at distance n — 1 are labeled arbitrarily by n — 1 and n (see Figure 


3.3). 


In doing so, we can uniquely identify a catergram of size n with a permutation on 
[n]. This makes the large body of research that has been conducted on permutations 


applicable to the problem of finding an infinite antichain. 


Definition 29. Forn > 2and7z € S,,, the catergram T, is the tanglegram (C,,, C,, M,), 
where M,, is defined as follows: Using the distance labeling of the leaves of both cater- 
pillars, match the leaf on the left tree labeled i with the leaf on the right tree labeled 
j if and only if 7(7) = 7 (see Figure 3.4). 


cl wa 
Bp 


7\ 


548 
2 
i> oii 


Figure 3.4: The catergram 7,, where 7 = (1,3, 4, 2). 


It is important to point out that, while every permutation defines a unique cater- 
gram, the same is not true in reverse; for each catergram, there is a set of permutations 
that define it as in Definition 29. The reason the set of catergrams of size n are not 
in one-to-one correspondence with the elements of S, stems from the fact that in 
Definition 28, both leaves labeled n and n — 1 are distance n — 1 from the root. It 


will be helpful to classify which permutations define the same catergram. 
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Definition 30. Given a tanglegram 7 = (T,,7>,M), where the root of T; is r;, the 
multiset of distance pairs, D(7), contains exactly k copies of (d,d2) if and only if 
there exists exactly k matching edges of the form (21,272) € M such that z; is a leaf 


of T; at distance d; from r;. 


If two catergrams have the same distance pair multiset, then they are the same 


as tanglegrams. 


Definition 31. Assume n > 2. Given a permutation 7 = (aj,...,@n) € Sn, we 


define the (not necessarily different) permutations 7, 7 as 


Ai, ifi<n-2 ai, if a; ¢ {n —1,n} 
Ti)= 4a, ifi=n—1 and Ti)=)n-1, ifa=n : 
Gea HH n, ifa;=n-1, 


—. 


and finally let 7* = (7). We define the set X, = {7,7, 7, 7°}. 


Lemma 30. Let 7 = (a1,...,Gn) € Sy be arbitrary. The following facts are obvious 


and are presented without proof: 


(a) We have D(Tr) = {(1, 47), (2,45),.-.,(m— Lan_1),(m — 1,ay)}, where 


Qi, a<n 


(c) pEX, & X, = Xz. 


(e) 7, = Tr & D(7,) = D(Tr) & p € Xz. 
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Now we are in a position to utilize some of the work done on permutations. 
In particular, we will consider the partial order of permutations under the pattern 


relation. 


Definition 32. We say that two sequences of n numbers, (a1,...,@n),(b1,---,0n) € 


R”, are order isomorphic if for all 1,7 € |n], we have a; < a, iff b; < b;. Given 


a permutation 7 € S, and non-empty subset A C [n], where aj,...,a, lists the 
elements of A in increasing order, we denote by 7[A] the permutation in Sj,) that is 
order isomorphic to (7(a;), 7(a@2),...,7(ax)). If op € S,, and m € S,,, then we say that 


p is a pattern in x if 7[A] = p for some A C [n]. In this case, we write p < 7. 


Definition 33. Assume 7 € S, and §@ # A C [n]. Then (with a slight abuse of 
notation) we denote by 7,|A] the induced subtanglegram 7,[M*], where M* is the 
matching containing edges of WV incident upon leaves of the left tree that are labeled 


with elements of A. 
Lemma 31. The following statements hold: 


(a) Let v be a leaf of C, at distance i from the root r of Cy, andy # v be another 
leaf that is at distance j from r. Let T be the binary tree induced by all leaves 
except v (soT =C,,_1) with root r*. Then y is a leaf in T, and the distance of 


y from r* is 7 if 7 <t, and j —1 otherwise. 
(b) For any 7 € S, and non-empty A © [n], we have T,[A] = Tra). 


(c) Letm<n. Forp€ Sy, anda € S,, we have 7, ~ Tx & Tp = Tray for some 


AC |[n] @a <7 for some ao € Xp. 


Proof. (a) is obvious. 
(b) follows by strong induction on k := |[n] \ Al: If k = 0, then A = [n] and 
the statement is trivial. If k = 1, then A = [n] \ {j} for some j € [n], and the 


statement follows from (a). If k > 1, then set 7 := max([n] \ A), B = AU {j}, 
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£:=1+|{aeA:a< j}| and C = [|B] \ {2}. It is easy to see that |B| = |A|+1 <n, 
|C| = |B| — 1, a[A] = (7[B])[C], and 7,[A] = (7;[B]) [C], so the statement follows 
from the induction hypothesis. 

To see (c): Let m <n, p € Sm and  € S,. T, x Tz iff T, = Tria) for some A C [n] 


follows from the definitions and (b). By Lemma 30(e), the latter is equivalent with 


o <7 for some a € Xp. 


It is now clear how the poset of catergrams with the induced subtanglegram 
relation is related to the poset of permutations with the pattern relation. Laver [27], 
Pratt [32], Tarjan [38], and Spielman and Bona [36] constructed infinite antichains 
of permutations for the partial order defined by permutation patterns, and we will 
build off of the results of Spielman and Bona to construct the infinite antichain in our 
context. A first natural guess might be that the sequence of catergrams generated by 
the Spielman and Bona permutations would themselves generate an antichain in the 
partial order defined by induced subtanglegrams. The exact opposite turns out to be 


true; these tanglegrams form a chain. 


Definition 34 (Spielman and Bona, [36]). For i € Z*, set m; € Sti24o4) as 


(7;(1), 7;(2), 7;(3), 7;(4)) = (11 + 27, 10 + 27, 8 + 27, 12 + 22), 


(1;(9 + 22), ;(10 + 27), 7;(11 + 27), 7,(12 + 27)) = (3, 2, 1,5), 
and for 7:5<j < 8+ 21, 


11+2i-j, if 7 isodd 


15+2i-— 9, if 7 is even. 
So for example, the first two permutations in the Spielman and Bona sequence 
are: 
m = (13,12,10,14,8, 11,6, 9, 4,7, 3, 2, 1,5) 


tm = (15,14,12,16,10, 13,8, 11,6, 9, 4,7, 3,2, 1,5). 
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Theorem 32. {J,, : i € Zt} is an infinite chain in the induced subtanglegram 


partial order. 


Proof. Let i > 1 be fixed, but arbitrary. According to Lemma 31(c), in order to 
show that 7,, x J;,,,, we need only show that there exists some 0 € X,, such that 


Oo < Wigs. Set A; = [14+ 2i] \ {2,4}. One can easily verify that 7 = m4,[Ai] (ie., 


that 7; < 741), which proves the theorem. 


We cannot use the permutations of Spielman and Bona directly, but if we turn 
them “upside down”, the resulting permutations generate a sequence of catergrams 
that do form an antichain. By turning 7; “upside down”, we mean that for each 
j from 1 to 12 + 27, we replace 7;(j) with 13 + 27 — 7;(j). We call the resulting 
permutation p;. The two permutations 7; and p; are related as follows: The smallest 
output of 7; is the largest output of p;, the seond smallest output of 7; is the second 


largest output of p;, etc. 


Definition 35. For i € Z*, we set p; € Si2+2i as 


(pi(1), pi(2), pi(3), pi(4)) =; (2, 3,5, i); 


(pi(9 + 21), pi(10 + 22), pi(11 + 22), oi(12 + 2é)) = (10 + 2é, 11 + 24, 12 + 22,8 + 24), 


and for 7:5<j7 <8+ 21, 


j+2, if j is odd 
pi(j) = 
j—2, if 7 is even. 


So for example, the first two permutations in our sequence will be 


pi (2,3, 5,1, 7,4, 9,6, 11,8, 12, 13, 14, 10) 


p2 (2,3,5,1,7,4,9,6, 11,8, 13, 10, 14, 15, 16, 12). 


We are now ready to present the main result. 
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Theorem 33. {7,,:1¢ Zt} is an antichain with respect to the relation x. 


Permutations may be visualized as functions drawn in the standard cartesian plane 
with line segements between successive points to help parse the order of the points. 
While the proof of Theorem 33 below is completely general, it is helpful to consider 
and refer to the situation for specific permutations (say p; and p3). See Figure 3.5 


for the permutations of X,, and Figure 3.6 for p3. These serve as useful archetypes. 


Proof. In the proof we will use the fact that for any k and any 7 € X,,, the permu- 
tation y has exactly two entries that are preceded by at least 3 larger elements: the 
entry 1 and the entry 8 + 2k; moreover, if y € {px, px} then 8 + 2k is preceded by 
exactly 4 larger elements, but these 4 elements are not order isomorphic in pz, and px. 

By Proposition 31(c), it is sufficient to show that for any i < j and for any 
ao € X,,,0 £ p;. By our starting remark, if o < p;, then the entries 1 and 8+ 27 ino 
should map to the entries 1 and 8+ 27 in p;, and the preceding larger elements must 
map to preceding larger entries; consequently p; < p;. As 8 + 27 is the last entry of 
p;, but not of p; or p* (unless p; = p;), we get that p; < p; and p; < p;. So what 
remains to be shown is p; < p;, which was essentially stated and proved in [36], but 
for completeness, we include a (somewhat different) proof here. 

Suppose by way of contradiciton that p; < p;, i.e., entries of p; map to entries of 
p; in an order preserving fashion. By our earlier remarks, the first 4 elements of p; 
must map to the first 4 elements of p; and the last 6 elements of p; must map to the 
last 6 elements of p;, so we must map the sequence (7,4,9,6,...,7+ 27,4 + 2%) to 
(7,4,9,6,...,7+27,4+ 27) by leaving out 2(j7 — 2) > 2 elements. 

Some observations: Let x be an entry of the contiguous subsequence (7, 4,9,6,...,7+ 
2k,4 + 2k) of pz for arbitrary k. If x is even, then there are no entries that appear 


after x in p, that are smaller than x, and x is preceeded by the entry x + 1. If x is 
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(a) p: =(2,3,5,1,7, 4,9, 6, 11,8, 12,13,14,10) (b) Ap =(2,3,5, 1,7, 4, 9, 6, 11,8, 12, 13, 10, 14) 


(c) pi = (2,3,5,1,7,4,9,6, 11,8,12,14,13,10) (d) p* =(2,3,5,1,7,4,9, 6, 11,8, 12, 14, 10, 13) 


Figure 3.5: A visual representation of the elements of X,,. 
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Figure 3.6: p3 = (2,3,5,1,7,4,9, 6, 11,8, 13, 10, 15, 12, 16, 17, 18, 14) 


odd, then there are exactly two entries in p, that follow x and are smaller than z, 
and they are both even. 

Let x now be the first entry that is erased from p;. The entries before x in p; are 
mapped to the same entries, respectively, in p;, and the entry x in p; is mapped to a 
different entry that appears after x in p;. 

If x is even, then, as the entry x + 1 is before x in p;, x must map to an entry 
smaller than x + 1 but is after x in p;. As such an entry does not exist, x must be 
odd. 

As « is odd, it is immediately followed by the even entry x — 3 in both p; and p,;, 
and preceeded by the entry x — 2, which was not erased from p;. As entry x — 2 in p; 
maps to entry x — 2 in p;, and entry x in p; maps to an entry after x in p,, it follows 


that entry x — 3 in p; must map to an entry that is after x — 3 in p; and is smaller 


than « — 3. Since such an entry does not exist, p; £ p;. 


56 


3.3 PLANARITY OF THE TANGLEGRAMS IN THE ANTICHAIN 


As a final point of this chapter, we show that the tanglegrams of Theorem 33 are in 
fact all planar. We do this by building off of the result of Czabarka, Szekely, and 


Wagner, presented here as Theorem 28. 


Lemma 34. A catergram T, is planar if and only if none of (3,2,1,4), (4,2, 1,3), 


(3,2,4,1), or (4,2,3,1) is a pattern of a. 


Proof. Since the tanglegram 7 referenced by Theorem 28 is not a catergram, it can 
never be an induced subtanglegram of 7,. Therefore, Theorem 28 yields that 7, 
is planar if and only if J is not an induced tanglegram of 7,. Inspecting Figure 
3.2, it is clear that 7, is defined by the permutation (3,2,1,4), ie., Ti = T(3,2,1,4)- 


By Lemma 31(c), 7(32,1,4) A Jr if and only if o ¢ am for any o € Xi3214) = 


{(3,9°1, A\ (4 Ot8) (3°90. A 1) (4 8: 1)h. 
Theorem 35. For every i € Z* the catergram T,, is planar. 


Proof. By Lemma 34, it suffices to show that none of (3,2, 1,4), (4,2, 1,3), (3,2, 4,1), 
or (4,2,3,1) is a pattern of p; for any i > 1. As p; does not contain a decreasing 
subsequence of length 3, (3, 2, 1,4) and (4, 2, 1,3) are not among its patterns. The last 
entry of the remaining (3,2,4,1) and (4,2,3,1) has three larger elements preceding 
it, and the first two elements are in decreasing order. If they are patterns of p;, then 
1 must map to either 1 or 8+ 22. If 1 maps to 1, then the other three elements 
must map to the sequence (2, 3,5), and if 1 maps to 8 + 27, then the remaining three 


elements must map to a subsequence of (9 + 22, 10 + 27,11 + 27,12 + 27). As both of 


these are increasing, (3, 2,4, 1) and (4,2,3,1) are not patterns of p;. 


Just having a proof that 7,, is planar is somewhat unsatisfactory; one naturally 


wants to see a planar layout of this catergram. 
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First note that given a plane tree P of any rooted binary tree T’ with n uniquely 
labeled leaves, the drawing of P gives an ordering (¢1,...,€,) of the labels by the 
order they appear on their line in the drawing. Moreover, if v is an internal vertex of 
T, then the set of leaves that are descendants of v, i.e., the leaves separated by v from 
the root, must appear in a contiguous block of (¢),...,n). It is easy to see that if 
(¢,,...,4n) is an ordering of the leaf labels such that for every internal vertex v of T 
the leaves that are descendants of v appear in a contiguous block of (¢),...,@n), then 
there is precisely one plane tree P of T that puts the leaves in the order (¢;,..., €n) 
on its line of leaves. 

If v is an internal vertex of the caterpillar C,, whose leaves are labeled according 
to our distance convention, then there is an i € [n] such that the set of leaves that 
are descendants of v are exactly the leaves labeled with entries that are at least 7. 
Therefore a permutation (¢1,...,€n) € S, arises from a plane tree of C,, precisely 
when for every i € [n], the entries bigger than 7 appear only on one side (left or right) 


of din (€1,...,£n). 


Definition 36. Given a rooted binary tree T’ on n leaves, which are labeled by the 
elements of [n], we call a permutation (¢),...,€n) € Sp, consistent with T, if for 
every internal vertex v of T, the set of leaves that are descendants of v appear in 
a contiguous block of (¢1,...,4,). A permutation (¢),...,€n) is cater-good, if it is 
consistent with the distance labeled caterpillar C,, (see Definition 28), i.e., for every 


i € [n], the entries bigger than 7 appear only one side (left or right) of 7 in ((1,...,n). 
Lemma 36. The following facts are obvious and are presented without proof: 


(a) The tanglegram (T,,7T>,M), where the leaves of T, and T are labeled, is planar 
if and only if there are permutations m1 = (a1,...,@n) and 7 = (b1,...,bn) 
of the leaf labels of T;, such that 7; is consistent with T; fori = 1,2, and 


M = {a,b; : i € [n]}. 
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(b) The catergram T, is planar if and only if there is a cater-good permutation 
(a1,---,@n) such that (a(a1),...,0(Gn)) is also cater-good. A planar layout is 


obtained by these permutation, putting leaves in their order on the lines x = 0 


and a=. 

(c) If a permutation (c1,...,¢n) of [n] is unimodal, then it is cater-good. 

(d) For everyi € Z*, a planar drawing of T,, is given by the permutation (a1, ..., 12421) 
where: 


e (Q1, 2, a3) = (1, 2,3), 
e For j €[3+4], a4; =3+ 27, 
«(Gr cj.tgsis Gon) = (10 424, 11-94, 19° 24), 
e¢ For j € [8+ 4], aigyaj = 2+ 2). 
Note that the permutation (a; = 1,...,@1249;) in (d) is unimodal, and conse- 


quently so is (p;(a1),..-, Pi(@1242:)) = (@2,43---,@1242;,1). Figure 3.7 gives the pla- 


nar drawing of 7,, determined by the permutation given in this lemma. 
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CHAPTER 4 


MAXIMUM DIAMETER OF k-COLORABLE GRAPHS 


4.1 History AND BACKGROUND 


New ideas and results presented in this chapter are joint work with Eva Czabarka 
and Laszlé Székely. 

The notion of distance is a natural and fundamental one, and questions about such 
notions can be of import to both theory and application. In what follows, we will 
focus on bounding from above the diameter of a graph in terms of some of its other 
parameters - its minimum degree and order to name just two. Being the maximum 
distance between any two vertices, the diameter provides a natural upper bound, or 
worst-case, for any problem which involves the distance metric in the graph theory 
sense. 

There is a natural relationship between the minimum degree of a graph and its 
diameter, as increasing the minimum degree would force the graph to have more 
edges, which in turn may create new and shorter paths between pairs of vertices. 
Indeed, the authors of [1], [17], [21] and [29] independently proved the following: 


Theorem 37. For a fixed minimum degree 6 > 2, every connected graph G of order 


n satisfies diam(G) < ra +O(1), asn > oo. 


This upper bound is sharp (even for 6-regular graphs [6]), but the optimal con- 
structions all have complete subgraphs whose order increases with n. Erd6s, Pach, 


Pollack, and Tuza in [17] made note of this, and conjectured that if we consider the 
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set of graphs without a clique of a given (fixed) size, then we can make a stronger 


statement about their diameter in terms of this additional parameter: 


Conjecture 1 (Erdés, Pach, Pollack, and Tuza, [17]). Let r,d > 2 be fixed integers 


and let G be a connected graph of order n and minimum degree 6. 
(i) If G is Ko,-free and 6 is a multiple of (r —1)(3r +2) then, as n > oo, 


diam(G) 


IA 


— 


2 n 
> (- Qr—1 aT) gree) 


(ii) If G is Ko,41-free and 6 is a multiple of 3r — 1, then, as n > on, 


diam(G) < ae 


+0(1) = (3- -) Ot). 


rel 
6 6 


Furthermore, they created examples showing that the above conjecture, if true, 
is sharp, and showed part (ii) of the conjecture for r = 1. This conjecture proved 
to be quite challenging, and no additional progress was made for almost 20 years. 
In 2009, Czabarka, Dankelmann and Székely decided to attack the problem under 
a stronger assumption: Rather than considering graphs which are K;,,,-free, they 
instead considered graphs which are k-colorable. Under this stronger assumption, 


they were able to verify Conjecture 1 (ii) for r = 2. 


Theorem 38 (Czabarka, Dankelmann, and Székely, [9]). For every connected 4- 


ped 3 5n 
colorable graph G of order n and minimum degree 6 > 1, diam(G) < $ —1. 


Czabarka, Singgih and Székely ([{10]) gave an infinite family of (2r — 1)-colorable 
(6r — 5)(n — 2) 
(Q2r —1)6 + 2r —3 
ample for Conjecture 1 (i) for every r > 2 and 6 > 2(r — 1)(8r + 2)(2r — 3). The 


(hence K,-free) graphs with diameter —1, providing a counterex- 


question of whether Conjecture 1 (i) holds in the range (r — 1)(8r + 2) < 6 < 


2(r — 1)(8r + 2)(2r —3) remains open. The counterexample led Czabarka et al. ({10]) 
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to the modified conjecture below, which no longer requires cases for the parity of the 


order of the excluded complete subgraphs: 


Conjecture 2 (Czabarka, Singgih and Székely, [10]). For every k > 3 and 6 > 
[ =) —1, if G is a Kx41-free (under a stronger hypothesis, k-colorable) connected 


graph of order n and minimum degree at least 6, diam(G) < (3 = ?) ao OL) 


Rather than considering the set of all graphs in Conjecture 2 for fixed k, 6, and 
n, Czabarka, Singgih and Székely proved in [11] that it is sufficient to consider only 
those graphs which generate canonical clump graphs (defined in Section 4.2). These 
graphs have a significant amount of structure that brings additional clarity to the 
problem. By considering a related packing problem (see Theorem 42 in Section 4.2), 


Czabarka, Singgih and Székely proved the following: 


Theorem 39 (Czabarka, Singgih and Székely, [11]). Assume k > 3. If G is a 


connected k-colorable graph of minimum degree at least 6, then 


3k-4 n 1 n 
< gee eee ed (eae Were cee 
diam(G) < Rog 5 1 (3 ) 1 


Theorem 39 displays an astounding amount of progress towards Conjecture 2, but 
there is still a gap between the proven and conjectured upper bounds, even with the 


stronger assumption. Czabarka, Székely, and I focused on closing this gap, and I 


show in Section 4.4 how to do this for k = 3 and k = 4. 


4.2 CLUMP GRAPHS AND DUALITY 


As mentioned in Section 4.1, when attacking Conjecture 2 for given k, 6, and n, it 
is not necessary to consider the set of all graphs on n vertices which are k-colorable 
and have minimum degree at least 6. Instead, given an arbitrary such graph G’, we 


will see that there exists a graph, G, such that G has the same relevant parameters 
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as G’, and G generates a strongly canonical clump graph. Therefore, we need only 
bound the diameter of graphs from this smaller family of highly structured graphs. 

Given a k-colorable connected graph G of order n and minimum degree at least 
6, choose a vertex x whose eccentricity is diam(G). Take a fired good k-coloring of 
G. Let layer L; denote the set of vertices at distance 7 from x, and a clump in L; 
be a maximal set of vertices in L; that have the same color. The number of layers 
is diam(G) + 1. We call a graph layered, if such a vertex x and the distance layers 
Lo = {x}, Ih,..., Lp are given. Let c(i) € {1,2,...,k} denote the number of colors 
used in layer L; by our fixed coloration. We can assume without loss of generality 
that any two vertices in layer L; in G which are differently colored are joined by an 
edge in G, and that two vertices in consecutive layers which are differently colored 
are also joined by an edge in G. We call this assumption saturation with respect 
to the fixed good k-coloring. Assuming saturation does not make loss of generality, 
as adding these edges does not decrease degrees, keeps the fixed good k-coloration, 
and does not reduce the diameter, while making the graph more structured for our 
convenience. 

From the layered and saturated graph G above, we create an unweighted clump 
graph H = H(G). Vertices of H correspond to the clumps of G. Two vertices of 
HT are connected by an edge if there were edges between the corresponding clumps 
in G. A is naturally k-colored and layered, based on the coloration and layering of 
G. With a slight abuse of notation, we denote the layers of H by LD; as well. To 
create a weighted clump graph, we assign positive integer weights to each vertex of 
the unweighted clump graph. Blowing up vertices of H into as many copies as their 
weight is, we obtain a bigger k-colorable graph of the same diameter (we do not put 
edges between successors of the same vertex). In case the weights are the cardinalities 
of the clumps in G, after the blow-up of H = H(G), we get back G. The degree of a 


vertex v in a blow-up of H, where v is a successor of a vertex w of H by blow-up, is 
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the sum of the weights of neighbors of the vertex w in H. The number of vertices in 


a blow-up of H is the sum of the weights of all vertices in H. 


Definition 37 (Czabarka, Singgih and Székely, [11]). A canonical clump graph is a 
clump graph H = H(G) which is obtained in the manner outlined above from any 


graph G that satisfies all four conclusions of Theorem 40 below. 


Theorem 40 (Czabarka, Singgih and Székely, [11]). Assume k > 3. Let G" be a 
k-colorable connected graph of order n, diameter D and minimum degree at least 
6. Then there is a saturated k-colored and layered connected graph G of the same 


parameters n and 6, with layers Lo,..., Lp, for which the following hold for every 1 


(0<i<D-1): 
(a) If c(t) =1, then c(i+1)<k-1. 


(b) The number of colors used to color the set L; UL;41 ts min(k, c(t) +c(i+1)). In 


particular, when c(i) +c(i+1) <k, then L; and Lj, do not share any color. 
(c) If c(i) =k, theni > 2 and c(i+1) > 2. 


(d) If |L;| > c(t), @e., L; contains two vertices of the same color, then i > 0 and 


c(t) + max(e(i —1),c(a+ 1))> k. 


It will be helpful for us to require one additional property on the canonical clump 


graphs of Definition 37. 


Definition 38. We call a canonical clump graph with diameter D > 2 strongly 
canonical when it uses exactly one color in its first and last layers, i.e., when c(0) = 
c(D) = 1. We also consider any canonical clump graph with diameter 1 to be strongly 


canonical. 


It is not difficult to see the following: If the graph G’ in the assumption of Theo- 


rem 40 is layered with |Z6| = 1 and c'(D) = 1, then the proof of Theorem 40 in [11] 
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provides a layered graph G with |Lo| = 1 (and hence c(0) = 1), and c(D) = 1. Based 
on this observation, the following lemma implies that to resolve Conjecture 2, it is 
sufficient to consider only those graphs, G, that generate a strongly canonical clump 


graph. 


Lemma 41. Assume k > 3 and D > 2. Let G’ be a k-colored layered connected graph 
of order n, diameter D, and minimum degree at least 6, with layers Lo,...,L'p. Then 
there is a k-colored layered connected graph G of the same parameters, with layers 
[o,.-.,Lp, for which c(0) = c(D) = 1, and for each i (0 < i < D—2), we have 
C1) =cG) ond T= Te. 


Proof. As |£o| = 1 is necessary in a layered graph, we must have c’(0) = 1, and if 
c'(D) = 1, the choice Li = L; suffices. If ¢(D) > 1, pick a color A in Lp. If possible, 
choose A so that A also appears in L‘, 5. This ensures that for all colors B in L‘, 
such that B # A, there is a color C in L’p_, such that B # C (where C = A, if 
A appeared in Lp_2, otherwise any color in Lp_2 works). Create a layered graph 
G from G’ by moving all vertices in L‘/, that are not colored A to the next-to-last 
layer, which will be Lp_;, and connect them to all vertices in Lp_2 = L'y_, that have 
different color. Note that for all vertices of Lp_j, there is at least one such vertex. 


As we only changed the number of vertices in layers D—1 and D, and did not change 


the coloration of the vertices, the claim follows. 


Until now, we have been considering the problem of finding the maximum diam- 
eter of any graph defined by the fixed parameters k, 6, and n. Let’s consider the 
following related problem: Fix k, 6, and the diameter D. For a k-colorable graph 
with minimum degree 6 and diameter D, how small can the order be? Our weighted 
strongly canonical clump graphs give us the perfect means to formulate this question 
and articulate solutions. Imagine that H is a strongly canonical clump graph that 


arises from a graph G which is k-colorable, has minimum degree at least 6 and has 
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diameter D, and consider weighting the vertices. No matter what weights are chosen, 
the resulting blown-up graph will still be k-colorable and will still have diameter D. 
Therefore, one way to think about this new question is to find a weighting of the 
vertex set of H such that the resulting blown-up graph has the minimum possible 
order while still satisfying the minimum degree condition. 

Let H = Hz,p,5 denote the family of strongly canonical clump graphs arising from 
k-colorable graphs with minimum degree at least 6 and diameter D. Fix H € H. We 
formalize the ideas in the above argument by describing our new question as a linear 


program: 


Minimize S > w(z), 
xeV(H) 
subject to the condition 


Vy € V(#) S- w(x) > 6. (4.1) 


xe€V(H): aye k(H) 7 


The dual of 4.1 is the following packing problem: 


Maximize > 6-u(y), 
yeV (HA) 
subject to the condition 


Va € V(H) S- u(y) <1. (4.2) 


yeV(H):cy€E(H) 
Using the inequalities of weak duality, Czabarka, Singgih and Székely were able 


to connect solutions of packing problem 4.2 to Conjecture 2. 


Theorem 42 (Czabarka, Singgih and Székely, [11]). Fic k > 3. Assume that there 
exists constants u > 0 and C' > 0 such that for all D and o, and for all H € Hxz,p,5, the 
optimum of linear program 4.2 above is at least ijD + Cd. Then for any k-colorable 


graphs G with minimum degree 6 on n vertices, we have 


Theorem 42 is a powerful tool, and applications of it have produced the impressive 


progress made towards Conjecture 2 thus far. It says that if we 
i ae tb ae ere 
2. choose t and C' (which will depend on k), and 


3. for general D, 6, and H € Hz_.p,s, find a feasible solution of 4.2 that is at least 
udD + Cd, 


then we can bound from above the diameter of any k-colorable graph with minimum 
degree 6 on n vertices. The difficulty of this technique lies in step 3 - the larger 
you make w@ and C’, the harder it becomes to create general feasible solutions. To 
illustrate this technique, I will include three concrete applications, each of increasing 
complexity. The first two applications (shown in Section 4.3) were given by Czabarka, 
Singgih, and Székely, and provide an upper bound on the diameter of the graphs in 
Conjecture 2 for general k. In Section 4.4, I will show how to use this tool to close 


the gap and verify Conjecture 2 for k = 3 and k = 4. 


Remark 1. In Definition 38, there is a distinction made between strongly canonical 
clump graphs with diameter 1 and diameter at least 2. The applications of Theorem 
42 in Section 4.3 were originally given with only the notion of canonical clump graphs 
(not strongly canonical) and thus there is no need to consider clump graphs with 


diameter 1 and diameter at least 2 separately. 


4.3. APPLICATIONS FOR GENERAL k 


In this section, we will see two concrete applications of Theorem 42 which produce 
progressively better upper bounds on the diameter of the graphs of Conjecture 2 
for general k. These two applications, in conjunction with that given in Section 4.4, 
illustrate a natural progression of ideas that one might try to fully prove Conjecture 2 


under the stronger colorability assumption. 
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For the entirety this section, assume that k > 3 is fixed and that H € Hx.p45 is 
also fixed. To use Theorem 42, we will construct weightings of the vertex set of H so 
that the neighborhood condition of packing problem 4.2 is satisfied. Recall that we 
use the notation L; for the layers of the clump graph H(G) as well as for the layers of 
G. Hence c(z) = |L;| if L; denotes a layer of the clump graph. We denote a weighting 
of the vertex set of H by a function such as u : V(H) — [0,1]. For notational 
convenience, when X C V(#), and the weighting is given by u, we will define u(X) 
to be the sum of the weights of the vertices in X, i.e., u(X) := Vacx u(z). 

The first idea that we will explore is to give every layer of H the same total 
weight, and to distribute each layer’s weight equally amongst its vertices. It turns 
out that under this weighting scheme, the largest weight we can assign to each layer 


is k/(3k — 1). Thus, we formally define our first weighting scheme as follows: For 
a 
|Li|(3k — 1) 


0 <i< D, the weight of vertex v is given by ui(v) = for every vertex 


ve Ly. 


Lemma 43. For fired k > 3 and fixed H € Hz,n5, the weighting wu, : V(H) > (0, 1] 
described above is a feasible solution of packing problem 4.2. Furthermore, the ojective 


function evaluated at this feasible solution is at least ujD + Cd, where i = C = 


=o 
3k— 1 


Proof. Let us first evaluate the objective function of packing problem 4.2 under the 
weighting u,. For any layer Li, 
k; k; 


1 ne =| Bale = : 
wali) =F 6) =F gecay 7 Hl eygesay = ae 
Therefore, 
k; 
ee 3k — 1 
We plug this into the objective function of 4.2 to find 
k; k; k; 
. =0(D+1 = -6-D+———-6. 
es) aa ere tear a 


veV (HH) 
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It remains to show that wu; is a feasible solution of 4.2, i.e. that uy(N(v)) < 1 
for allvu € V(H). To that end, let v € V(H) be arbitrary and suppose v € L; for 
0 <i< D. It is always true that L; \ {vu} C N(v) (by the saturation assumption), 


and in the worst case, L;-; U Lj4, C N(V). Therefore, 


u(N(v)) <u (Lin U (Zi \ {v}) U Lin) 


= Uj (L;-1) + U4 (L;) + U1 (Li41) = Uur(v) (4.3) 

= 3 : 3k —1 — Ui (v). 
Since |L;| < k, we have 

1 k 
< = : 4.4 

3k—1 ~ |E\Gk—1) > 2) (4.4) 

Combining Equations 4.3 and 4.4, we get 
3k 1 


u1(N(v)) 1. 


<< — — 
— 3kK-1 3k-1 


Ifv € L; fori = 0, then N(v) C Lo UL. Therefore, ui(N(v)) < ui(Lo)+ui1(L1) = 
2k 
3k—1 


<1. The same calculation can be done for v € Lp. 


Theorem 44. Assume k > 3. If G is a connected k-colorable graph of order n with 


1 
minimum degree at least 5 > 1, then diam(G) < (3 — x) . —1. 


k 
3k —1 


Proof. With Lemma 43 in place, we may apply Theorem 42 with uv = C = 


For our next idea, we design a new weighting for which every layer has the same 
total layer weight (as before), but we now utilize some structure to distribute differing 
amounts of a layer’s weight amongst its vertices. This will allow us to improve the 
result of Theorem 44 to that of Theorem 39. Some conventions and notation will be 
helpful to describe the structural properties that we make use of. 

The strongly canonical clump graph that we are considering already has layers 
Io, 11,..., Lp defined. We define for convenience the two additional layers L_,; and 


Lys, a8 L-) = Lois = 9. 
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Definition 39. For each i, 0 <i < D, define the (possibly empty) set S; = {x € L;: 


Di, UL; C N(ax)}. We set S_1 = Spi1 = @, in accordance with L_; = Lp4, = 0. 


Suppose that v € L; for some 0 <i < D. We define our second weighting, w2, as 


follows: 
If |L;| < k —1, then u(v) = ee 
il < ; oma) = apeaay 
1 
——., if vu € Sj, 
e If |L;| =k, then u(v) = 3k — 4 
1 1 ; 
otherwise. 


3k—4  (k—|S;,])(8k —4) 
Lemma 45 (Czabarka, Singgih and Székely, [11]). For fixed k > 3 and fired H € 
Hzps, the weighting u. : V(H) — [0,1] described above is a feasible solution of 


packing problem 4.2. Furthermore, the ojective function evaluated at this feasible 
k-1 


solution is at least ujD + C0, where ti = C = 3h a4 


Proof. We again begin by first evaluating the objective function of packing problem 


4.2 under the weighting w2. For layers L; with |L;| < k —1, 


k-1 k-1 
a) 2 ualy Va nes a 4 (4 EGE a ~ Bead 
For layers L; with |L;| = k, 
ug(Li) = SJ w(v)+ J) wv) 
VES; veELi\Si 
1 
= + 
= et = 4 noe (aH 4 (k seca 


1 1 1 
SSS a, (ies ss 
sl ape a eed (ao sara) 


1 1 : 
= |S;| - at (k — |Sil)- (as ees ec 
k-1 


3k —4 
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k-1 
1 ] h 1 weight ——— 
Since every layer has total weight 3h 4’ 
a k-1 
Ss) ue(v) = dual Li) =(D+ I) =a 


We plug this into the objective function of 4.2 to find 


pai. pad k-1 
-u(v) = 6(D +1 = pe 2 
as Baa ya a 


It remains to show that wg is a feasible solution of 4.2, ie. that ug(N(v)) < 1 for 
allu € V(#A). Let v € V(A) be arbitrary and suppose that v € L; with |L;| < k—-1. 
In the worst case, N(v) = D;_-1 U (ZL; \ {v}) U Lia1. Therefore, 


u(N(v)) < ua(Li-1 U (Li \ {v}) U Liss) 


= u2(Li-1) + u2(Li) + ue( Lisi) — ua(v) (4.5) 
k-1 
peer ae 
Since |L;| < k — 1, we have 
1 k-1 


3h 4 ~ [E|@n—® ~ (4.6) 


Combining Equations 4.5 and 4.6, we get 


3k-3 1 
< — = 
ear hae a 


1. 

Now suppse that v € L; with |Z;| = k. If v € S;, then the argument to show 
that u2(N(v)) < 1 proceeds exactly as the agument just completed. Assume then 
that v € L; \ S;. By definition, there exists some vertex w € L;_1 U Lj41 such that 
vw ¢ E(#). Since |L;| = k, Theorem 40(c) and the contrapositive of Theorem 40(a) 
guarantee that whichever layer w is in has at least 2 vertices; we refer to the layer that 
contains w as L*. Since S; U L* forms a clique and H is k-colorable, |.S;| + |L*| < k, 
and hence, |S;| < k — |L*| < k — 2. Shifting this inequality around, we find that 
k —|S;| > 2, which implies 


1 il 1 1 1 


3h-4 (k—|Si)@k—4) — 3h—-4 WBR—-D  2BK—-4 


Ug(v) = 


2 


Notice that the previous arguments have also shown that no matter how w is 


1 1 1 
i > mi = . Theref 
weighted, u2(w) > min (x —T Wk 5) 3h 4) erefore, 


aig( (0) tp ((Li- Beever ne w}) 


= Up(Li-1) + U2(L;) + U2( Lisi) — U2(v) — u2(w) 
k-1 _ 1 


<3. ta 
a 2(3k — 4) 


To prove Theorem 39, Czabarka, Singgih and Székely demonstrated Lemma 45 
k-1 

3k —4 

In order to make further progress towards Conjecture 2, we need to not only 


and applied Theorem 42 with @ = C = 


have differing amounts of weight distributed amongst vertices in a given layer, but 
to also have differing total layer weights based on the structure of the given strongly 


canonical clump graph. 


4.4 CLOSING THE GAP FOR k = 3,4 


In this section, we include one more application of Theorem 42 to close the gap 
between the proven upper bound in Theorem 39, and the conjectured upper bound 
in Conjecture 2, for k = 3 and k = 4. In other words, for fixed k € {3,4}, our goal is 
to produce a feasible solution to packing problem 4.2 for arbitrary strongly canonical 
clump graphs H € Hx,p.5. We will require much more of the graph’s structure to be 
elucidated than in Section 4.3 to define the weighting and to prove that it contains 
the necessary properties. 

As the notation L; refers to both the layers of the clump graph H(G), and the 
layers of G, we can rephrase the arguments of Section 4.2 to better suit our situation. 


Keep in mind that c(i) = |L,| if ZL; denotes a layer of the clump graph. 
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Lemma 46. An unweighted k-colorable strongly canonical clump graph with layers 


Io,...,Lp satisfies the following properties: 
(a) |Lo| =1 and whenever D > 1, |Lp| = 1 as well, 
(b) If |L;| =k, then 2<i< D—1 and min(|Z;_1|, |Lis1|) > 2, and 


(c) For i € [D|, the edges that do not appear between L;_, and L; form a matching 
of size max(k, |L;-1| + |Lil) — &. 


For the following definition, and also for the rest of this section, assume that we 
are given a k-colorable strongly canonical clump graph H with layers Lp,..., Lp. As 
in Section 4.3, we define for convenience the two additional layers L_; and Lp, as 
L_, = Lp4,; =. We will frequently be using the sets S; defined in Definition 39. In 


addition: 


Definition 40. For each i, 0 <i < D, we call layer L; big if |.S;| > x and we call L; 


small if it is not big. 
Remark 2. Note that if L; is big, then 7 ¢ {0, D}. 


Lemma 47. Assume D > 2. Let H be an unweighted k-colorable strongly caonical 


clump graph with layers Lo,..., Lp. The following is true for eachi,0<i< D: 
(a) [Li] < & — |Si-1| and |L,| < k — |[Sisi]- 
(b) [Si] <k-1. 
(c) If L; ts big, thenl <i< D—1 and Lj, Liz, are small. 
(a) dF Dg) = 4, then be = S;. 
(ce) [Li\ Si] Sk — [Si] — |Siga| and [Liga \ Sigal < & — [Si] — [Sia]. 


(Dadf (Sj) Sk 1, then = Syaond for 7 = tl, |b) = (83S i 
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(g) Ifk € {3,4} and L; is big, then |S;| = k—-—1. 


Proof. (a) This follows from the fact that $;_,UL; and S;,,UL,; both form complete 


subgraphs in H, which is k-colorable. 
(b) This follows from (a) and the fact that D;_;U L;4, contains at least one vertex. 
(c) This follows from (a) and the definition of big. 


(d) Since |Z;| = 1, Lemma 46 (b) tells us (by contrapositive) that max(|L;—-1|, |Zizi|) < 


k—1. By Lemma 46 (c), the vertex in L; is adjacent to every vertex in D;-UL;41. 


(e) Since S;U S;41 U (LZ; \ S;) forms a complete graph in the k-colorable graph H, 
we have |L; \ S;| < k — |S;| — |.Si41]. Similarly, $;U Si41 U (List \ Si4i) forms a 


complete graph, and hence |Lj41 \ Sisi| < & — |S;| — |Si41). 
(f) Suppose |.5;| = ’&-—1. Then 1 <i< D—1 and by (a), |L;-1| = |Li4i| = 1. Part 


(d) already implies that for 7 =i+1, |L,;| =|S;| = 1. Using Lemma 46 (b), we 


further get |D;|< k—1,so k-—1=|8S;| < |£;| <k-—1. The claim follows. 


(g) Finally, suppose L; is big. Then by definition, k/2 < |S;|, and by (b), |S;| < 


k—1. For k € {3,4}, these inequalities force |.S;| = k — 1. 


Definition 41. Let H be an unweighted k-colorable strongly canonical clump graph 
with layers [o,..., Lp. If for some s > 1, the contiguous segment of 2s + 1 layers, 
Lj, Lisi, ..-, Liz2s, satisfies the three conditions below, then we say that the contigu- 


ous segment is Type 1 if s = 1, and Type 2 if s > 1. 
(i) For each 7:1 <j <s the layer Lj49;-1 is big (thus, Lj42;-2, Liz2; are small). 
(ii) ¢ =0 or L;_ is small. 


(iii) 7+ 2s = D or LDj+2541 is small. 
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Definition 42. Let H be an unweighted k-colorable strongly canonical clump graph 
with layers Lo,..., Dp. Assume that t > 0. We say that the contiguous segment of 


t+ 1 layers, Dj, Liai,..., List, is Type 3, if the following hold: 
(i) For each 7 :i <j <i+t the layer L; is small. 
(ii) If i 40 then 2 > 2 and L;_2 is big (thus, L;_1, L;-3 are small). 
(iii) If¢+t A D theni+t < D—2 and Liitye is big (thus, Lj4141, Dise43 are small). 


Note that in a Type 3 segment every layer is small. 


The following Lemma easily follows from the definition of strongly canonical clump 


graphs and Lemma 47. 


Lemma 48. Let H be an unweighted k-colorable strongly canonical clump graph with 
diameter D > 2. Then the layers Lo,..., Lp can be partitioned into segments of Type 
1, Type 2 and Type 3. Moreover, if k € {3,4} and L; ts a layer in a Type 1 or Type 
2 segment, then L; = S; and |L,| € {1,k — 1}. 


Type 3 Type 2 Type 3 Type 1 
ST). Cd 


Ilo Ly Lg bg Ly Lp Le Ly Lg Lo Lo Lu Lie 


Figure 4.1: An example strongly canonical clump graph with k = 3. The clump 
graph has diameter 12, and each layer is directly (vertically) above their respective 
labels. The layers are partitioned into segments of Type 1, 2, and 3. 


Now that we have partitioned the layers of H (an arbitrary strongly canonical 
clump graph from H;p5), we can assign weights to its vertices, ie. we will specify 
the output of the function u : V(H) —> [0,1]. Because Lemmas 41 and 48 require 


D > 2, we differentiate between the cases D = 1 and D > 2. 
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For H € Hx15 (ie. for H with diam(H) = 1), we simply set u(v) = 1/(|H| — 1) 


for every vertex v € V(H). For H € Hep with D > 2 and v € V(A), we set u(v) 


as follows: 
2 
« Ifve L; and L; is of Type 1: u(v) = 3 Ae 
——— herwise. 
23h — 2) otherwise 
e Ifve L; and L; is of Type 2: 
1 
—___ if |L;,) =k —-1, 
k+2 ; . 
u(v) = 33k — 2)’ if |L;| = 1 and J; is not the first or last layer of the segment, 
3k +2 
ey otherwise. 
k+2 3k + 2 k; 
Remark 3. Ask > 3, Tae 3) = ieee D) < re In other words, the end-layers 
k; 
of Type 1 and Type 2 segments have weight smaller than a= 
« Ifve L; and L; is of Type 3: 
z if |L;| < k/2 
vad 7 aN: 1 ip S 
(3k — 2)|L,|’ 
2 
i Tae ee D) 
(v) aoe if |L;| > k/2 and v € S; 
k — 2|S;| : 
otherwise. 


(3k — 2)({Li| — |Sil)’ 


k 2 
Remark 4. Note that as |.S;| < 57 we get u(v) > 0. Also, u(v) > 3h 9 in the first 


and second cases of the Type 3 assignment. 
Remark 5. We will see in the proof of Lemma 49 that the total weight on any Type 


k; 
ot is ———.. 
ayer is 3h 9 


Lemma 49. For fixed k € {3,4} and fized H € Hyp, the weighting u: V(H) > 
[0,1] described above is a feasible solution of the packing problem 4.2. Furthermore, 


the ojective function evaluated at this feasible solution is at least udD + Cod, where 


bs k 
a ae 


ws 


4 4 4 7 
Io Ly Lg Lg La Ly Le Lr Lg Lo Lio Ln Li 


Figure 4.2: An example strongly canonical clump graph with k = 3. The weighting 
that is assigned to each vertex by the description above is shown using the partition 
of Figure 4.1. 


Proof. Suppose that H € H;,1,5. We begin by showing that the easy weighting given 
to V(H) satisfies the requirements of Lemma 49. Since 6 > 1 and D = 1, H is 


the complete graph on |H| vertices. It follows that the sum of the weights of the 
1 

|H|—-1 

a feasible solution of packing problem 4.2. Furthermore, the objective function of 


> 6. Since 


neighbors of every vertex is (|H| — 1) - = 1, so the proposed weighting is 


H 
4.2 under this weighting evaluates to 6 - Ld ee ( + 


|} —1 
i+C= eae ees <1 when k > 3, t6+C6 = (@+C)-6 <6. Thi 
Ut = 34-9 3h-2 3h~2 when k > 3, U = (U ; is 


completes the argument for the case when D = 1. 


Now suppose that H € Hx,p,5 with D > 2, and suppose that V(H) has been 
given the weighting above based on the partitioning of Lemma 48. To see that the 
objective function evaluated at the solution wu is large enough, let us first add up all 


of the weight assigned to vertices of H. In particular, we will see that 


u(V(H)) “(De1), 


~ 3k —2 
If {Li, Lizi, Liz} is a Type 1 segment, then by Lemmas 47(g) and 47(f), |Zizi| = 
k —1 and |L;| = |Li4i1| = 1. Therefore, 


k+2 2 k+2 
ee) Cay 


“3h=3 
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k+2 | 2k-2 
i) ee (4.7) 
k 


= 
3k — 2 


If {L;, Lisi, .--, Lisos} isa Type 2 segment, then Lemmas 47(g) and 47(f) again imply 
that the s+ 1 small layers of the segment all have size 1 and the s big layers of the 


segment all have size k — 1. Therefore, 


uty) Fulbaa) Fo PulLiyas) 
3k +2 1 k+2 


SO aga) bay oR) 
nic tite ~ Seaalies 
_ bh +2 s  (s—1(k+2) 
DBR 8) Oe BBR 9) 
3k +2 s(3k—2) sk+2s—k—-2 


TBR =O): 2ar=2) 2h?) 
_ 8k+2+4+ 38k — 28+ sk+2s—k—2 


2(3k — 2) 
_ 2k + Ask 
~ 2(3k — 2) 
_ 2k(1+ 2s) 
~ 2(3k — 2) 
= (1+ 28)- 5. 


If L; is a Type 3 layer and |L;| < k/2, then 


k ee: 
(3k —-2)|E,| 3h—-2° 


u(Li) = |Lil- 


Finally, suppose that L; is a Type 3 layer with |L;| > &/2. Then all vertices in S; get 
k — 2|S;| 


2 
weight ———., and all vertices in L; \ S; get weight . Therefore, 


Bk — 2 (3k — 2)(|Li| — |Sil) 
UE = Pappy IPS Ges). sho 
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The above calculations show that u(V(#)) -(D +1), as desired. We can 


> 3h 0 
now evaluate the objective function of 4.2: 
k; e 
Ss) 6-uly) =6-—— - (D+ 1) = 06D + C4, 
yev) 3k —2 
ki 
h == 

where & 3h 29 


Now we will check that wu is a feasible solution of 4.2, i.e. we check that u(N(y)) < 


1 for all y € V(#). First suppse that y € L;, where L; is in a segment of Type 1: 


e Suppose L; is the middle layer, which is big by definition. By utilizing Equation 
4.7, we find 


uN (y)) S w(Li-1) + u(Li \ {y}) + w(Liss) 


— u(Li-1 U L; U Dj41) = uly) 
= Ss k a g 

3k-2 3k-2 
= 1. 


¢ Suppose that L; is one of the end-layers. Then Lemmas 47(g) and 47(f) imply 
that |L;| =1, ie. L; \ {y} =. By Remarks 3 and 5, we find 


uN (y)) S w(Li-1) + u(Li \ {y}) + u(Lins) 


= u(Li-1) + u(Li+1) 


Next, suppose that y € L;, where L; is in a segment of Type 2: 


¢ Suppose that L; is a big layer. By Remark 3, u(N(y)) is the largest when L; is 


the second or second-to-last layer in the segment. Therefore, 
u(N(y)) < w(Li-1) + u(Li \ {y}) + w(Lias) 
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3k +2 1 k+2 1 


© qer—2 *%- Ya =4) * WBR—2) ~ AE—1) 
Seo. at, . Re? 1 

~ 4(3k—2) ' 2 2(3k—2) 2(k—1) 
11k? — 15k +2 

~ 12k? — 20k +8 


<1 when k > 3. 


¢ Now suppose that L; is a small layer. In this case, L; = {y}. 


— If L; is not an end layer, then 


WN (y)) < wLi-1) + (Le \ {y}) + w(Liss) 


= u(Ly-1) + u(Lia1) 


— If L; is an end layer, then by Remarks 3 and 5, 


u(N(y)) < w(Li1) + u(Ls \ {y}) + u(Lins) 


= u(Ly-1) + u(Lia1) 


k 1 
Sapa t FO) 2(k — 1) 
aie 1 
=e ao OD 
_ bk-2 
~ 6k —4 
ey when k > 3. 


Finally, suppose that LD; is a Type 3 layer. 


* Suppose that |L;| < $ or y € S; with |L;| > . Then by Remark 4 u(y) > 345. 


Furthermore, [;_; and L;,; are either other Type 3 layers or end-layers of Type 
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1 or Type 2 segments, so u(L;_1), u(L;), u(Liaa) < Pat Therefore, 


3 


WN (y)) S wLi-1) + u(Le \ {y}) + w(Liss) 


= u(Li_1) + u( Ly) + u(Lig1) — uly) 
23. k 7 2 
3k-2 3k-2 


aie 


e The last case that remains is when y € L;\$; and |L;| > x By definition, there 
exists some j € {i —1,7+ 1} and some w € L; such that w ¢ N(y). Similary 
to the previous case, we are done if we can show that u(y) + u(w) > 325. 

Since y ¢ N(w), w ¢ Sj, ie. L; # S;. Lemma 47 (d) implies that |L;| 4 1. 

Therefore, L; is not an end-layer of a Type 1 or Type 2 segment, i.e. L; is of 

Type 3. If |L;| < § then u(w) > 345 by Remark 4, and we’re done. Otherwise, 


using the inequalities of Lemma 47(e), we get 


lenny k —2|S)| | k — 2|5;| 
~ (8k — 2)(L,| —[S;]) — (8k — 2)(|L;] — |S5)) 
: k —2|S)| | k — 2S; | 
~ (38k — 2)(k — |S; —|S;|) © (8 — 2)(& — [Sj] — |55]) 
2 
eo 


Theorem 50. Assume k = 3 ork =4. IfG is a connected k-colorable graph of order 


2 
n with minimum degree at least 6 > 1, then diam(G) < (3 — =) ; —1. 
ole k 
Proof. With Lemma 49 in place, we may apply Theorem 42 with u = C = apo: 


It is natural to want to extend the ideas above to larger values of k. However, 
I will describe some calculations which are a stong indication that new ideas are 
needed to make progress for k = 5 and higher. In what follows, fix k = 5. Suppose 


that we wanted to partition the layers of a given strongly canonical clump graph into 
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segments of Type 1, 2, and 3, as we did above. Then a segment of Type 1 would be 
three consecutive layers, L;, Lj11, and Dj, such that D; and Lj42 are small layers, 
while L;4, is a big layer. Furthermore, layers Lj; and L;13 should both be small 
layers, as otherwise the layers L;, L;.,, and Lj,2, would belong to a longer Type 2 
segement. As before, the small layers D;-; and Lj43 will either be Type 3 layers, or 


end-layers of Type 1 or Type 2 segements. We would like Type 3 layers to have total 


5 k; 
weight exactly ia apse and it is reasonable to assume that end-layers of Type 
a k; 
1 and Type 2 segements have total weight at most Co ao In other words, we 


may assume that layers L;_, and L;43 both have total weight at most 5/13. 

With the ideas above in mind, consider a Type 1 segment with the additional 
specifications that’ |L;| = 2, |Byay| = 3). |Iggs| = 2, dy = Si, Lar = Si4a, and 
Lise = Sis. This situation is drawn in Figure 4.3. It turns out that this configuration 
demonstrates why the technique of Theorem 50 cannot be extended. Assume that 
the layers L;_; and L;,3 have total weight 5/13 each, and note that L;_; C N(u) for 
allu € L; and L;43 C N(v) for all v € Lj42. In this worst-case scenario, we then ask 
the question: How large can the total dual weight of D; U Lj., U Lis2 be, while still 
maintaining the neighborhood condition for each vertex of LD; U Lj44 U Lise? 

Let A, B,C,D,E,F, and G be variables representing the weights of the seven 
vertices of LD; U Dj11 U Liz as in Figure 4.3. We can formulate the question above as 
a linear program: 


Maximize A+B+C+D+H+FKF+4+G 


subject to the conditions 


‘BAC PDE R213 


© A+C+D+EK<8/13 


© A+B+D+E4+F+G<1 


© A+B+C+HE4+F+4+6<1 
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ABO SD Ge 


C4D BGS 8/13 


© CLD+E+F <8/13. 


LS L; Lisi Liza Li+3 


Figure 4.3: Layers L;, Dj11, and Lj12 form a Type 1 segment of a strongly canonical 
clump graph with k = 5. This segment demonsrates that the ideas of Theorem 50 
cannot readily extend to k > 5. 


Solving this linear program (we used Sage, see Appendix A), we find the optimal 
solution to be about 1.146. In order for the technique of Theorem 50 to work, the 


average dual weight of the three layers of any Type 1 segment must be at least 


ae In other words, the total dual weight on DL; U L;4, U Ljs2 needs to be at 
least 3 - (5/13) 1.154. Since the optimal dual weighting for the Type 1 segment in 
consideration is strictly less than 3- (5/13), it is easy to imagine a strongly canonical 
clump graph which consists of many copies of this problematic Type 1 segment with 
only one Type 3 layer in between each copy (see Figure 4.4). For such a graph, the 
weighting used for Theorem 50 would not have sufficient weight to close the gap to 
Conjecture 2. Furthermore, the more copies of the problematic Type 1 segment that 
we use, the further away from the desired bound we will be. 

It should be noted that, even though the weighting scheme used to prove Theorem 


50 cannot be extended to general k > 5, I have not found any reason to suspect that 


Conjecture 2 is false. I have used Sage to find the optimal dual weighting of many 
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graphs, including ones like that shown in Figure 4.4. The optimal solutions of my tests 
may not have followed the scheme used for Theorem 50, but they all have had total 
dual weight at least oP +1). To make additional progress, we will likely have 
to modify the weighting scheme of Theorem 50 (maybe by altering the partitioning 


process) or we will have to create a new weighting scheme entirely. 


Io Ly Ly [3 Ly Os L6 Iz Leg 


Figure 4.4: If we consider repeatedly alternating a Type 3 layer with a single vertex, 
and the problematic Type 1 segment, we’ll get a strongly canonical clump graph for 
which the weighting scheme used for Theorem 50 is insufficient. 
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APPENDIX A 


CODE 


#Problem case broken down into individual vertices 

2p = MixedIntegerLinearProgram () 

3 Vv = p.new_variable(real=True, nonnegative=True) 

In Bo Co Dy By Fy, GS WL A, WLR, wheel, whee, wile, 
Vir eG 


meh el lash yeh a5} 45) 


round(p.solve(), 3) 


Figure A.1: Solving the linear program at the end of Section 4.4 to find the maximum 
dual weighting on the problematic Type 1 segment. 
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.set_objective(A + B + C + D+ E + F + G) 
.add_constraint(B + C + D+ E <= 8/13) 
.add_constraint(A + C + D+ E <= 8/13) 
.add_constraint(A +B+D+E+F+@ <= 1) 
peClel Coimeinremalint (C/N ap J ae @ a ie ap ie ap @ <= al) 
.add_constraint(A + B+cC+D+F+@ <= 1) 
p.add_constraint(G + C + D+ E <= 8/13) 
2 p.add_constraint(F + C + D+ E <= 8/13) 


